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i— i ' Abstract 

43 : 

. We construct a Lagrangian description of irreducible half-integer higher-spin representa- 

Q-ij tions of the Poincare group with the corresponding Young tableaux having two rows, on a 

basis of the BRST approach. Starting with a description of fermionic higher-spin fields in 
a flat space of any dimension in terms of an auxiliary Fock space, we realize a conversion 

iy-j [ of the initial operator constraint system (constructed with respect to the relations extract- 

ing irreducible Poincare-group representations) into a first-class constraint system. For this 
purpose, we find auxiliary representations of the constraint subsuperalgebra containing the 

£T) ! subsystem of second-class constraints in terms of Verma modules. We propose a universal 

procedure of constructing gauge-invariant Lagrangians with reducible gauge symmetries de- 

£ — ■ scribing the dynamics of both massless and massive fermionic fields of any spin. No off-shell 

constraints for the fields and gauge parameters are used from the very beginning. It is 
shown that the space of BRST cohomologies with a vanishing ghost number is determined 
only by the constraints corresponding to an irreducible Poincare-group representation. To 
illustrate the general construction, we obtain a Lagrangian description of fermionic fields 
with generalized spin (3/2,1/2) and (3/2,3/2) on a flat background containing the complete 
& ' set of auxiliary fields and gauge symmetries. 



1 Introduction 

The study of various aspects of higher-spin (HS) field theory has attracted a considerable attention 
for a long time due to the hope of discovering new possible approaches to the unification of the 
fundamental interactions. Higher-spin field theory is closely related to superstring theory, which 
operates with an infinite tower of bosonic and fermionic higher-spin fields. The problem of a 
covariant Lagrangian description of fields with an arbitrary spin propagating on flat [TJ [15] and 
(A)dS [16] [27] backgrounds as well as the problem of constructing an interacting higher-spin field 
theory are in the permanent focus of research (for reviews and more references, see, e.g., [28J). 
One of the attractive features of investigating higher-spin gauge theories in AdS spaces is due to 
a possible relation of this study to the tensionless limit of superstring theory on the AdS 5 x S 5 
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Ramond-Ramond background [29J 30] and the conformal M = 4 SYM theory in the context of 
the AdS/CFT correspondence [31]. 

At present, the dynamics of totally symmetric higher-spin fields presents the most well- 
developed direction in the variety of unitary representations of the Poincare and AdS algebras 
[21 El EE CEO 121] . To a great extent, this is caused by the fact that in a 4d space-time there 
is no place for mixed-symmetry irreducible representations with the exception of dual theories^. 
In higher space-time dimensions, there appear mixed-symmetry representations determined by 
more than one spin-like parameters, and the problem of their field-theoretic description is not 
so well-developed as for totally symmetric irreps. Starting from the papers of Fierz-Pauli and 
Singh-Hagen pQ E] for higher- spin field theories in the Minkowski space, it has been known that 
all such theories include, together with the basic fields of a given spin, also some auxiliary fields 
of lower spins, necessary to provide a compatibility of the Lagrangian equations of motion with 
the relations that determine irreducible representations of the Poincare group. Attempts to con- 
struct Lagrangian descriptions of free and interacting higher-spin field theories have resulted in 
consistency problems, which are not completely resolved until now. 

The present work is devoted to the construction of gauge-invariant Lagrangians for both mass- 
less and massive mixed-symmetry spin-tensor fields of rank ri\ + n 2 + ... + n^, with any integer 
numbers n\ > n 2 > ... > > 1 for k = 2 in a <i-dimensional Minkowski space, the fields being 
elements of Poincare-group irreps with a Young tableaux having two rows. In the case of the 
Minkowski space, several approaches have been proposed to study mixed-symmetry higher-spin 
fields [7J El IH EG]. Our approach is based on the BFV-BRST construction |33j, see also the re- 
views [3l"l [35] , which was initially developed for a Hamiltonian quantization of dynamical systems 
subject to first-class constraints. Following a tradition accepted in string theory and higher-spin 
field theory, we further refer to this method as the BRST method, and to the corresponding BFV 
charge, as the BRST operator. The application of the BRST construction to higher-spin field 
theory consists of three steps. First, the conditions that determine the representations with a 
given spin are regarded as a system of first- and second-class operator constraints in an auxiliary 
Fock space. Second, the system of the initial constraints is converted, with a preservation of the 
initial algebraic structure, into a system of first-class constraints alone in an enlarged Fock space 
(see [36] for the development of conversion methods), with respect to which one constructs the 
BRST charge. Third, the Lagrangian for a higher-spin field is constructed in terms of the BRST 
charge in such a way that the corresponding equations of motion reproduce the initial constraints. 
We emphasize that this approach automatically implies a gauge-invariant Lagrangian description 
reflecting the general fact of B V-BFV duality [371 EH] , realized in order to reproduce a Lagrangian 
action or a probability amplitude by means of a Hamiltonian object. 

The construction of the flat dynamics of mixed-symmetry gauge fields has been examined 
in [H El [7J El El tUl E2], including the construction of Lagrangians in the BRST approach for 
massless bosonic higher-spin fields with two rows of the Young tableaux [9], and recently also 
for interacting bosonic HS fields [39] and for those of lower spins [ID] on the basis of the BV 
cohomological deformation theory [JT]. Lagrangian descriptions of massless mixed- symmetry 
fermionic and bosonic higher-spin fields in the (A)dS spaces have been suggested within a "frame- 
like" approach in [27J, whereas for massive fields of lower superspins in the flat and (A)dS spaces 
they have been examined in [13] . To be complete, note that for free totally symmetric higher-spin 
fields of integer spins the BRST approach has been used to derive Lagrangians in the flat space 
[H H2] and in the (A)dS space [15] . The corresponding programme of a Lagrangian description 
of fermionic HS fields has been realized in the flat space [2] and in the (A)dS space [IS]. 

In this paper, we construct a gauge-invariant Lagrangian description of fermionic HS fields 

1 For a detailed discussion of dual theories in various dimensions, see [TT1 l28l [32] 
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in a Minkowski space of any dimension, corresponding to a unitary irreducible Poincare-group 
representation with the Young tableaux having two rows of length n\, n 2 (n% > n 2 ). 

The paper is organized as follows. In Section [21 we formulate a closed Lie superalgebra of 
operators, based on the constraints in an auxiliary Fock space that determines an irreducible rep- 
resentation of the Poincare group with a generalized spin s = (ni + 1/2, n 2 + 1/2). In Section [31 we 
construct a Verma module, being an auxiliary representation for a rank-2 subsuperalgebra of the 
superalgebra of the initial constraints corresponding to the subsystem of second-class constraints. 
This representation is then realized in terms of new (additional) creation and annihilation opera- 
tors in Fock space. Note that a similar construction for bosonic HS fields in a flat space has been 
presented in [46J. In Section HI we carry out a conversion of the initial system of first- and second- 
class constraints into a system of first-class constraints in the space being the tensor product of the 
initial and new Fock spaces. Next, we construct the BRST operator for the converted constraint 
superalgebra. The construction of an action and of a sequence of reducible gauge transformations 
describing the propagation of a mixed-symmetry fermionic field of an arbitrary spin is realized in 
Section We show that the Lagrangian description for a theory of a massive half- integer mixed- 
symmetry HS field in a d- dimensional Minkowski space is deduced by dimensional reduction of a 
massless HS field theory of the same type in a (d + l)-dimensional flat space. In Section [6j we 
sketch a proof of the fact that the resulting action reproduces the correct conditions for a field that 
determine an irreducible representation of the Poincare group with a fixed s = (rii + 1/2, n 2 + 1/2) 
spin. We illustrate the general formalism by a construction of gauge-invariant Lagrangian actions 
for massless and massive spin-(l + 1/2, 1/2) and spin-(l + 1/2, 1 + 1/2) fields in Section [71 In 
Conclusion, we summarize the results of this work and outline some open problems. 

In addition to the conventions of [91 HU H6], we use the notation e(A), gh(A) for the respec- 
tive values of Grassmann parity and ghost number of a quantity A, and denote by [A, B} the 
supercommutator of quantities A, B, which in the case of definite values of Grassmann parity is 
given by [A,B} = AB- (-1) £ ^ £ ^BA. 



2 Half-integer HS Symmetry Algebra in Flat Space-time 

In general, a massless half-integer irreducible representation of the Poincare group in a <i-dimensional 



Minkowski space is described by a spin-tensor field ^ l _ ll ... flnijU1 ...u n2 ,...,p 1 ...p nk with the Dirac index 
being suppressed, of rank ni + n 2 + ...+n k and generalized spin s = (rii + 1/2, n 2 + l/2, -n.fc + 1/2), 
which corresponds to a Young tableaux with k rows of length rii, n 2 , n k , respectively, and 
k < [(d — l)/2]. This field is symmetric with respect to the permutations of each type of indices 



Hi 



k. 



In this paper, we restrict ourselves to the fields characterized by a Young tableaux with k 
rows: 
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(2.1) 



The field $ 



W»l>( 1/ )n2 \ X > 



mass-shell and 7-traceless conditions for each type of indicesj 

*7 M d M $( M ) ni , (i ,) n2 (x) 

7 "^Mti-l ,U1U2...U„ 2 (^) 



as an element of a Poincare-group irrep, obeys the 



0. 

= 0, 

: 0. 



2 Throughout the paper, we use the mostly minus signature rj^ u — diag(+, — , 
the Dirac matrices satisfy the relations {7^,7^} = 2r? A " / . 



(2.2) 
(2.3) 
(2.4) 

— ), jj,, v = 0, 1, d — 1, and 
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The correspondence with a given Young tableaux implies that after the symmetrization of all the 
vector indices of the first row with any vector index of the second row the field $(ji) ni! (v) n2 {%) 
becomes equal to zero: 



"i 



^{(aOb! ,U 1 }u 2 ...U„ 2 (x) — ^ ] ^/Xi— ^j-iHHi+i-./tn) ,lHV2~V-n. 2 i X ) ^ (p)n 1 ,{v)n 2 { X ) ~ 0; (2-5) 



1=1 



where in the case % = 1 it is implied that ^^^...^^^..^(x) = ^^^...^^^..^(x). 

In order to describe all the irreducible representations simultaneously, it is convenient to 
introduce an auxiliary Fock space 7i generated by creation and annihilation operators a*+,a^ 
with additional internal indices, i,j = 1,2, 

[<, < + ] = -V^S ij , ^ = diag(l, 1) . (2.6) 
The general state (a Dirac-like spinor) of the Fock space has the form 

oo rai 

l $ > = EE^H.W^-^^-^IO), (2.7) 

ni=0 ri2=0 

providing the symmetry property of 3>(^) ni ,(i/)„ 2 (x) under the permutation of indices of the same 
type. We refer to the vector (12 .7p as the basic vector. 

Because of the property of translational invariance of the vacuum, <9 M |0) = 0, the conditions 
f l2.2p - fl2.4l) can be equivalently expressed in terms of the bosonic operators 

t = i^d,, ? = t a, 4, (2-8) 

t = al+a 2 * (2.9) 

as follows: 

t |$) =f|$) =t|$) = 0. (2.10) 

Thus, the constraints f)2.10p with each component u,) n (x) of the vector f!2.7p subject to 

(J2I3)-(J23D describe a field of spin (m + 1/2, n 2 + 1/2). ^ 

Because of the fermionic nature of equations fl2.2l) - fl2.4p with respect to the standard Lorentz- 
like Grassmann parity, and due to the bosonic nature of the primary constraint operators to,t l , 
e(to) = e(t l ) = 0, in order to equivalently transform these operators into fermionic ones, we now 
introduce a set of d+1 Grassmann-odd gamma-matrix-like objects 7 M , 7, subject to the conditions 

{f,r} = 2rr, {f\7} = 0, 7 2 = -l, (2.11) 

and related to the conventional gamma-matrices as followsjfl 

7^ = 7^7. (2.12) 

We can now define Grassmann-odd constraints, 

fo = -i7"3„> ^ = 7%, (2.13) 
related to the operators (I2.8P as follows: 

(t ,f) = 7 (-£„,?). (2.14) 



3 For more details, sec 
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We next define an odd scalar product: 



d d x Yl 

ni,fci,n2,fe2=0 



(jl) ni ,(v)r, 



[X] X 



,+Ml 



a x r " . . . a 1 ' n a^ 1 . . . a 2 ™ 2 1 0) . 



(2.15) 



The operators t ,f,t in ( 12. 9ft and (12.131) . with f + = 7 M a^ + and t + = a 2+ a lfl being Hermitian 
conjugate, respectively, to t\t with reference to the scalar product (I2.15p . generate an operator 
Lie superalgebra composed of the operators 



a ^ , 
\ ^4 , 



7>V 



t + = a 2 u + a^, 



V 



9o- 



(2.16) 
(2.17) 
(2.18) 
(2.19) 
(2.20) 
(2.21) 



which is invariant under Hermitian conjugation. 

The operators (I2.16I) - (I2.21I) form a superalgebra given by Table [TJ with an omission of the 
Poincare-group Casimir operator Iq being the central charge of this algebra, where the quantities 
A ik } B k 'V, C k ^, D ij , E ij , F\I\ G ij , H ij , J k ^ , K k ™ ', L kl ™ are defined by the relations 



A lk = -2g l Q 5 ik + 2t6 l2 5 kl 
B k,ij = _l t {i+§j}k ; 

D ij = i^ 6 j}i ; 

F l = t(5 l2 - 5 a ) , 
G ii = iHi S j}2 ; 

jk,ij = _i l {i+ 6 j}k 



2t + S ll 5 



il rfc2 



C k,ij = i t {i S j}k ; 

p = t + (5 l1 - 5 l2 ) , 

H ij = _/{i2+ 5 j}l ; 



(2.22) 
(2.23) 
(2.24) 
(2.25) 
(2.26) 
(2.27) 



jkl,ij 



5 ik 5 lj 



2g k 6 kl + g k + g t 



_ 5 ik 
-8 lj 



t(s l2 (d jl + 6 kl 6 kj ) + 6 k2 5 jl 5 lk ) + 1 + (5 ll (5 j2 + S k2 S kj ) + 6 kl 5 l2 5 



dk 



t[5 k2 (8 a + 5 a 5 H ) + 5 l2 5 ll 5 kl ) + t + [5 k \5 i2 + 6 l2 6 H ) + 8 ll 6 l2 5' 



dl ci2 dk 



(2.28) 



We call this algebra the half-integer higher-spin symmetry algebra in Minkowski space with a 
Young tableaux having two rows. 

From the viewpoint of constraint system theory, the above superalgebra is a system of con- 
straints, except for the operators g§, being non-degenerate in 7i. These operators, as follows 
from Table [U, determine an invertible operator supermatrix of commutators for the subsystem of 
second-class constraints, {tk,t^ ,kj,lfj,t,t + }, with the other constraints, t ,l ,li,lf, being first- 
class ones. 

A conversion of this constraint system {o/}, including the operators g$, into a first-class con- 
straint system {Oi} by means of an additive composition of oi with some operators o\ depending 



4 For the operators l 12 ,l 12+ in (]2.20p . we have used a definition slightly different from that of [35], where 
(f 12 ,f 12 +) = 2{l l2 ,l l2 +). 
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A ki 


-t 2 5 kl 
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A ik 
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t 2+ S kl 


t 6 ki 
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-t i+ 5 ki 
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-t 1+ 5 i2 
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l 2 6 a 




Eft 
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F { 


t+ 







-t 2+ 5 il 


9o ~ 9o 





I 1 ? 2 


-l 2 +5 l1 


Qij 




P 


l k 








-t 5* k 


-l 2 S kl 


-fs k2 





l S ik 









l k + 





toS ik 





l l +5 k2 


l 2 +5 kl 


-l 5 ik 
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l kl 








(ji,kl 


_ D ki 


_Qkl 





_j^i,kl 





jjtl,ij 


li{kfil}i 


l kl + 










-E kl 


_ H kl 


ji,kl 





_jij,kl 





_li{k+§l}i 


9o 





-t k 5 ik 


t k+gih 






-l k 5 ik 


l k +5 ik 


_lk{igj}k 
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Table 1: The superalgebra of the initial operators 

on new creation and annihilation operators, oj — > Oj = oj + o'j, can be effectively realized only for 
the subsuperalgebra of the entire symmetry superalgebra that contains the subsystem of second 
class-constraints and g k . The only requirement, as shown in [46J, is that each of the Hermitian 
operators should contain linearly an arbitrary parameter h k , whose values are to be determined 
later. 

3 Auxiliary Representation for the Superalgebra with Second- 
class Constraints 

In this section, we describe the method of Verma module construction for the Lie superalgebra 
with second-class constraints alone. Having denoted {o a } = {tk,t^ g k }, o a G {oj}, as the 

basis elements of the above superalgebra, and using the requirements that o a , o' a must supercom- 
mute, {o a , o' a ] = 0, and that the converted constraints must be in involution, {O a , Ob] ~ O c , we 
find that the superalgebra of the additional parts o' a is uniquely determined by the same alge- 
braic conditions as those for the initial constraints. In this case, it is unnecessary to convert the 
subsystem of the initial first-class constraints not entering {o a }, and therefore they remain intact. 

Following [H] and the general method of Verma module construction for mixed-symmetry 
integer-spin HS fields g6], let us denote E a = (t k ; l ij ,t) = (E a °; E ai ), (a > 0, a x > 0) for i<j, 
and define 

W = 9h + 9o, g$ = h' + ..., S a = E a + E ,a (h), a = 1,2, a, = 1,2,3,4. (3.1) 
The quantities g l ,E ai ,E~ ai are the Cartan generators, positive and negative root vectors, ex- 
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cept for «i = 2 (see footnote 4) of the subalgebra so(3, 2) in the superalgebra of second-class 
constraints, and the odd generators E a °,E~ a ° supplement the basis so(3, 2) up to that of the 
above superalgebra. The quantities gQ,E' a ,E~' a and 7i t ,S a ,S~ a have the same identification 
respectively for the additional and enlarged operators of the symmetry superalgebra. 

Consider the highest-weight representation of the superalgebra of the additional parts with 
the highest- weight vector |0)y annihilated by the positive roots and being the proper vector of 
the Cartan generators: 

E ,a \0) v = 0,a>0, g$\0)v = ti\0) v . (3.2) 

Following the Poincare-Birkhoff-Witt theorem, the basis space of this representation, called 
in the mathematical literature the Verma module [47], is given by the vectors 

\nln iv n) v = (E'~ a °^ n ° ^E'~ a °^ n ° ^E'~ a ^ ni1 (£'" a ij" 12 ^'-«?^ n 22 ^B'^ a ^ n \0)y , (3.3) 

where n° = (n°, n°), = (%, n 12 , 7122), n 1, n 2 = 0, 1, G N . Note that the restriction for the 
values of n° in (13.31) is due to the identities 



{I- ".I- '■■ = 4(-E , E 1 , E 1 ) = 4(J£, i£, J£) , hj — 1) 2,i < j . (3.4) 

Using the commutation relations of the superalgebra given by Table [T] and the formula for the 
product of graded operators, 

11 

AB n = Y^{-lY {A)e{B){n ~ k) C {s) lB n ~ k a& k B A , n > , s = e{B) , 

k=0 

ad k B A = ad B (ad| _1 A) , ad B A = {A, B] , (3.5) 

we can calculate the explicit form of the Verma module. In (13.51) . we have introduced generalized 
coefficients for a number of graded combinations, C^JJ, that coincide with the standard ones only 
for the bosonic operator B: = C'£ = k w™_ k y ■ These coefficients are defined recursively, by 

the relations 

C (s)n+1 = ^_ 1 ^(n+fe+l) c( ( S )n_ i + C (s)n ^ n , k > , (3.6) 

C (s)n = C (s)n = ^ ^ C (s)n = q ? n < fc (37) 

and possess the properties C^Jt = C^™_ fe . The corresponding values of C^ 1 ^ are defined, for 
n > k, by the formulae 

^= E E ••• E E j " > ( 3 - 8 ) 

ife=l ife_i=l 22=1 U=l 

which follow by induction, and in which [a] stands for the integer part of the number a. For our 
purposes, due to n° k = 0,1 in (Q, ([33]), it is sufficient to know that CMg = CWg = 1 and 

Then, following [50] and making use of the mapping 

|n° fc ,%n) y <-> |n°,n y -,n> = (/+)»? (/+)"§ (&+) nn (^ 2 ) ni2 (^ 2 ) n22 (& + )"|0) , (3.9) 

where |ri°, n^-, n) , for n° = 0,1, riij G No, are the basis vectors of a Fock space 7i' generated 
by new fermionic, f^,fk, k = 0,1, and bosonic, b^,b + ,bij,b, i,j = 1,2, % < j, creation and 
annihilation operators with the standard (only nonvanishing) commutation relations 

{fk , tf} = hi , K, bl k ] = 5 u 5 jk , t<j,k<l } [b , b + ] = 1 , (3.10) 
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we can represent the Verma module as polynomials in the creation operators of the Fock space 

w. 

First, we find the action of the negative root operators E'~ a on the basis vectors. After a 
simple calculation, one obtains 



t' l+ \n° k ,ni m ,n) v 



Sn 1 + 





) 


2 





77 V 



lmod2, 77°, 77n + 



n'j+1 
2 



,77i2, 77 22 , n 



(3.11) 



+5 l2 (-ir? i + 



ng+1 



Zg" |n°.,n ;m ,n)y 
£ /+ |nfc,n Jm ,n)v 



n?, n 2 + lmod2, n u , n 12 , 77 22 + 

-477? |n° - 1, 77°, 77 n , 77i2 + 1, ^22, Tl) V } , 

+ Sii5 jrn ,n) v , 

K, Wjm, 77 + l)y - 277n \ff k , 7l U - 1, 77i 2 + 1, 77 22 , n)y 



n°+l" 



,n 



v 



(3.12) 
(3.13) 



-77? 1 + 



[nO+ll 


) 


to 





7? - 1, 77° + l7?7O0?2, 77n, ™12, n 22 + 



»»S+1 



, 77 



V 



-77i2 l^fe, n n , ?7i2 - 1, n 22 + 1, 77) 



= 77 



ft* + n ^ {S U + * im ) + n (5 i2 - S a ) + A 

l<m J 



n° k ,ni m ,n) v . (3.14) 



Second, for the positive root operators E' a we find 
t' 1 \n° k ,ni m ,n) v = -2n?(2nn + n 12 - n + h 1 ) In? - 1, 77°, n lm , n). 



(3.15) 







2 


) ™11 



,77i2,77 22 ,n 



(1 + 



ng+l" 



n?, n° + lmod2, n n , n 12 - 1, 77 22 + 



n°+l 



t' 2 |n°,n; m ,n)y 



+2(-l)"i'n° ^-77i2 |n?, n° - 1, nn, 77i2 - 1, 77 22 + 1, n) V 

+ K> n 2 - l,n lm ,n+ l) v ), 
(_!)«? |-2n°(277 22 - n? + 77 + h 2 ) |n?,n° - l,n, ro ,n), 



(3.16) 



■^f (H 



77? + lmod2, 77°, mi + 



n°+l 
2 



,77i2 - 1,7722,77 



"n°+l 


) 


2 





77?, n\ + lmod2, n n , m2, n 2 2 - 1 + 



n»+l 



V 



V 



V 



I' \n k ,fi lm ,n) v 



j~ r>;+r 

-(-l)"°n 22 (l + 
-2n?(n(/V — /i 2 — 77 + 1) 1 77? — l,n° 2 ,n lm ,n- l) 
-2n 22 |n? - 1, 77°, mi, n 12 + 1, n 22 - l,n) v 
-n 12 |?7? - 1, n%, mi + 1, n 12 - 1, n 22 , n) y ) } , 



^11(^11 + «i2 + n\ - n - 1 + h 1 ) |n°,mi - 1, ^12, ^22, n) v (3-17) 
-^f- |ng, mi, «i2 - 1, 77 2 2, n + l) v + ni2{ni2 ~ 1] |n°, mi, n 12 - 2, n 22 + 1, n) y 



- n?{ 2n§ n°, - 1, n Jm , 77 + l) y - n i2 ra£ - 1, nn, n i2 - 1, n 22 + 1, n) 



(-l) n 2 



^12^1 + n\ - 1, ^2 + i™*^, mi, "12 - 1, "22 + 



n°+l 



n> 



V 
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I' 12 \n° k ,ni m ,n) v 



"12 

4 



(2n n + m 2 + 2n 22 + - l) |n£, n n , n 12 - 1, n 22 , n) v (3.18) 



+|nnn(/i 2 - /i 1 + n - 1) |n£, nn - 1, n 12 , n 22 , n - l) v 
+n u n 22 \n° k , n n - 1, n 12 + 1, n 22 - 1, n) v 
-2f- \n° k , n u ,n 12 , n 22 -l,n+ l)y 



T 2 



{2n° 2 (n + 2n 22 + /i 2 ) |n° - 1, n Zm , n)y + (-1)™° (l + [^±i] ) 



x 



xn 22 

.0 



1, n\ + \mod2, nn, ma, n 22 - 1 + 



n°+l 



+ ?n u l + 





) 


to 





n\ + lmod2, n 2 — 1, nn — 1 



n?+l 



,ni 2 ,n 22 ,n) , 



/ n fc ,n« m ,n)y 



n 22 (n 12 + n + n° + n 22 - 1 + h 2 ) \n° k , ran, nra, ra 22 - 1, n) v 
+ ^(n - 1 + h 2 - h 1 ) |n°, n n , n 12 - 1, n 22 , n-l) v , 

+ ni2( T" 1} 1*5, mi + 1, Ha - 2, n 22 , n) y 



(3.19) 



+ 



n^ni2 



1 + 



\n°+l] 


) 


2 





n^ + lmod2, n° — 1, nn + 



n J +l 



,n 12 - l,n 22 ,n) , 
v 



t'|n^n/ m ,n)y = n(h l - h 2 - n + 1) \n° k , n im , n - l) v 



(3.20) 



-n 12 \n° k ,n n + l,m 2 - l,n 22 ,n)y - 2n 22 \n° k ,n n ,n 12 + l,n 22 - l,n) 



v 



n 1 + 



2 



n^ + lmod2, n 2 — 1, nn + 



n°+l 
2 



n i2 ,n 22 ,n 



Using expressions (I3.11I) - (I3.20I) and the mapping (13.91) . we reconstruct the action of the operators 
E' a , E'~ a , g f Q in the Fock space Tif, namely, 



/-'+ 



f+ + 2b+f i + A6 i2 b+h, 

6+ - 26+ 6 n - b+ 2 b 12 - /+/! + 26+ A/a , 



Km 



t 
t ,2 



\f 2 + b 12 - 2 (b+bn + 6+ 6 12 - b+b + h 1 ) fx + (26+ - 6+ 6 12 ) f 2 

1 /■+; 

2- 



-ftb 22 - \ftb 12 - 2 (6+622 - A+A + 6+6 + /i 2 ) / 2 
+2 (tf - /, 2 _ 6+6) 6A - (6+612 + 46+ 6 22 ) f x , 
(6+6 n + 6+ 6 12 - 6+6 + ft h + h 1 ) 6 n - §6+6 12 + ±6+ 6 : 
+ 1 (/+- 26+/ 2 )/ 1 6 12 - 26+/ 2 / 1 



2 
12 



(3.21) 
(3.22) 

(3.23) 

(3.24) 

(3.25) 
(3.26) 

(3.27) 



l ' 12 = iK(26+6 ii + /+A + ^)+6+6 12 j6 12 + i(6+6 + /i 2 -/i 1 ) 66 11 (3.28) 



;/22 



+ (6+ b n ~ \b + ) b 22 + |/+A6 22 + \ftf2h1 
+ (6+6 + 6+ 6 11 + 6+ 6 22 + / i 2 )/ 2 / 1 , 

(6+622 + 6+3613 + b + b + f+f 2 + h 2 ) b 22 + \ (6+6 + h 2 - h 1 ) 6 12 6 (3.29) 

+I&+i6 2 2 + |A + /2&12 + & + !&12/2/l , 

f = {h 1 - h 2 - 6+ 6) 6 - 6+ 6 12 - 26+ 6 22 - /+/ 2 - 26+ / 2 A . (3.30) 
Note that the additional parts E' a ,E~' a do not obey the usual properties 

{E' a ) + ^E' ,a , (3.31) 
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if one should use the standard rules of Hermitian conjugation for the new creation and annihilation 
operators, 

(b ij ) + = b±, (b)+ = b\ (/,)+ = /+ (3-32) 

To restore the proper Hermitian conjugation properties for the additional parts, we change the 
scalar product in the Fock space TC' as follows: 

l|* 2 )new = (Vl\K'\y 2 ) , (3.33) 

for any vectors \^ 2 ) with some, yet unknown, operator K' . This operator is determined by 
the condition that all the operators of the algebra must have the proper Hermitian properties 
with respect to the new scalar product: 

^ 1 \K'E-' a \^! 2 ) = (^ 2 \K'E' a \y i y, (^^K'g'^) = (^ 2 \K'g'^ 1 )*. (3.34) 

These relations permit one to determine the operator K', Hermitian with respect to the usual 
scalar product ( | ), as follows: 

00 (1,1) , 
K' = Z + Z, Z= £ K^nhjzr^Miriffl&l&jpjF, (3.35) 

(n ;m ,n)=(0,0)n° = (0,0) 

where (n; m )! = n\\\nx 2 \n 22 \. One can show by direct calculation that the following relation 

111 j i->iQ ->i 1 \->Q -> \ |-n9+2nii+?ii2-n x n%+n 1 2+'in22+n -r? ^ f U 

holds true: v (n»,n lm ,n \ntn lm ,n) v ~ ^J> +2nii+ni2 _ n ^ n | + „, 2+2n , 2+n ,- For low pairs of numbers 
(nj + 2n n + n 12 — n, n° + n\ 2 + 2n 22 + n), with n, being the numbers of "particles" associated 
with b + ,bfj for i < j (where b + reduces the spin number s\ by one unit and increases the spin 
number s 2 by one unit simultaneously) and n° k being the number of "particles" associated with 
f£, the operator K' reads 

K > = | )(0| + (/ i 1 -/ i 2 )6+|0)(0|6-2/ i 7+|0)(0|/ l + 2/ 2 + |0)(0|(/ i 1 -/ i 2 )6/ 1 
+A + 6 + |0)(0| (2bh{h 2 - h 1 )^ 1 - 1) + 2/ 2 (/ i 1 - h 2 )) 

+&i2|0}(0| (~b 12 (h l + h 2 ) + f 2 hh 2 + ~b u b(h 2 - h 1 )) + h%\0)(0\b u 

+6+6 + |0)(0| {b n b{h} - h 2 )(h l - 1) + h 12 (h 2 - h 1 ) + Ihhih 2 - h 1 )) 

+A + / 2 + |0)(0| (±hh(h 2 h l + h 2 - h 1 ) + b 12 h 2 + 2b n b{h 2 - /i 1 )) + . . . . (3.36) 

This expression for the operator K' will be used later in constructing the examples of Section [7J 
Thus, we have constructed the additional parts o' a , fl3.21l) - (l3.30l) . for the constraints o a . In the 
next section, we determine the algebra of the extended constraints and find the BRST operator 
corresponding to this algebra. 

4 The Converted Superalgebra and the BFV-BRST 
Operator 

The superalgebra of the converted operators Oj, 

I = (O a ,O p ), O a = o a + o' a , O p = o p , o p G {t ,lo,h,lf} , (4.1) 
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has the same form as the superalgebra of the initial operators oj, and therefore it is determined 
by the relations of Tabled] under the replacement oj <-> Oj. Despite the fact that the operators W 
do not belong to the constraint system, and in order to provide a Lorentz-covariant description 
of BRST cohomology spaces, we do not impose the restrictions H l |x)<fe/ = on the vector \x)def, 
being the vector |$) ( 12.71) enlarged into the tensor product of the Fock spaces TCdef = 7~t® TC', 

IxW = E (ftf ( b tf lm «i W ■ ■ ■ a«*»a$r ■ ■ • C*^^) |0> , (4.2) 

and include 7i l into the converted first-class constraint system, with respect to which we construct 
the BRST operator Q' . The sum in f !4.2p is taken over /cjo> k\ m , k, running from to infinity, and 
over hi, running from to 1 for i — 0, 1, I, m = 1, 2, I < m. Having constructed Q', we extract 
from it the operators 7i\ enlarged by means of the ghost variables C,V up to new operators a 1 , 
a 1 = (W — h l + O (CP)), which will be used to describe, by virtue of the equations (a i +h i )\x) = 0, 
the direct sum of the Fock subspaces Ti.{ni,n 2 ) °f a definite generalized spin s = (n% + \,n 2 + \) 
in the enlarged Hilbert space 7i t ot = T~C <8> 7i' <8> T~t g h for \x) € Ti-tot- In this case, the remaining 
operator Q, independent of the ghost variables rf n , V % H associated with 7i l , in Q' = Q + O (rf H , V^), 
is covariant and nilpotent in each space W( m , n2 ) f° r the converted constraint system Oj without 
7i % . Then, substituting instead of the parameters — h l the operators a % , we obtain a nilpotent 
BRST operator in the complete space TL to t without rf H , V % H , which encodes the superalgebra of the 
converted constraints {Oj} \ {'H 1 } for fermionic HS fields with two rows of the Young tableaux. 

The construction of a nilpotent fermionic BRST operator for a Lie superalgebra is based on a 
principle similar to those developed in [44, 45]: see the general analysis of the BFV quantization 
in the reviews (33], EU [35] . Following the prescription of [51] . the BRST operator constructed on 
a basis of the superalgebra presented in Table [1] can be found in an exact form, with the use of 
the (CP)-ordering of the ghost coordinate C 1 and momenta Vi operators, as follows: 

Q' = Ofi 1 + ic 7 C J /^(-l) £(0 ^ )+£(0 ^ (4.3) 

with the constants ff 3 written in a compact x-local representation, {Oi , Oj] = ffjOx, and, 
according to Table (TJ Q' has the form 

Q' = %T + q+T + Ttq 1 + V oL + rj+U + L+rf + rj+ m L l ™ + L+J™ + + T + V + rj^Hi 

+ Kvttf - V l <lt)Po + (VnQi + v*q?)pt + (vlilt + vtif)Pi 

- <ll - VU)V - t(2q l qt - vTi^K + (V l n vt + vTrf - 2q qt)V' 

+ (ViVit + Vtt - WW + 2(i^ - qf)Vu + 2( Vii vii - i)Pt 
- 2 [HVn + Vn)Vi2 - V + V22 - VVn + 2<?ig 2 ] Pi 2 + V + Vi2Pii + ^12^22 
+ 2 [l(Vn + Vn)Vi2 ~ V + Vu - Win - 2qtqt] Pu - VVr^Pu ~ V + ^P22 

- m + {K - P 2 H ) + ft&ito (Pit + P^) 



+ [ivtiVw + \vt2V22 - 2q 2 qf - (Vn ~ Vn)v] ^ + 

+ IIqiVw - v +( it] P2 + [\qt V12 - vqi] pi + [|<rf 2 - mi] p\ 

+ [hi vvi - v + i2] pi + [\vi2v2 - wi ] Pi + [\vi V12 + v + v2] vi 

+ [H2V1 - v + vi] P2 + Ikvivu - mv] Pi- (4-4) 

Here, we imply summation over the repeated index i, and the raising (lowering) of the indices i,j 
in quantities / lJ is made by the two-dimensional Euclidian metric tensor g l i (gij), # u = diag(l, 1). 
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The quantities go, Qi, qf and 770, r/^, r/i, rj^, r]i m , 77, r/ + , rf n are, respectively, bosonic and fermionic 
ghost "coordinates" corresponding to their canonically conjugate ghost "momenta" p , pf, p iy 
V , V%, Vf, Vi mi Vf m , V + , V, V { H for i,l,m = 1,2, I < m. They form a set of Wick ghost 
pairs, {(qupf), (pi,q?), (rn,Vt), {Vi,Vi), {vim,^), (Vi m ,vL)i (^ + )> (V,rj + )}, and a set 
of zero-mode pairs, {(qo,po), (vo^Vo), (TJn,Vy)}. Following [3lj, they obey the nonvanishing 
(anti) commutation relations 

{ v , V + } = {V, 77+} = { Vl , Vf} = {Vi, 77+} = 1 , {Vim, VU = {V lm , 77+J = 1 , 

[qi,pt] = \Pi,Q?] = 1> [?o,Po] = {VoM = {rf H ,V l n } =«; (4.5) 

they also possess the standard ghost number distribution, gh{C l ) = —gh(Vi) = 1, providing the 
property gh(Q') = 1, and have the Hermitian conjugation properties of zero-mode pairsj^ 

{qo,Vo,Vn^Po,V ,V l n ) + = {go,Vo,VH,Po,-'Po,-V t H ) . (4.6) 

The property of the BRST operator to be Hermitian is defined by the rule 

Q' + K = KQ' , (4.7) 

and is calculated with respect to the scalar product ( | ) in Titot with the measure d d x, which, 
in its turn, is constructed as the direct product of the scalar products in H,H' and Ti g h- The 
operator K in ( 14. 7p is the tensor product of the operator K' in TC' and the unit operators in TC, 

TLgh 

K = l®K'®i gh . (4.8) 

Thus, we have constructed a Hermitian BRST operator for the entire superalgebra of Oj. In 
the next section, this operator will be used to construct a Lagrangian action for fermionic HS 
fields of spin (si, s 2 ) in a flat space. 



5 Construction of Lagrangian Actions 

The construction of Lagrangians for fermionic higher-spin fields in a (^-dimensional Minkowski 
space can be developed by partially following the algorithm of |44j, which is a particular case 
of our construction, corresponding to n 2 = 0. As a first step, we extract the dependence of the 
BRST operator Q' (I4.4p on the ghosts rf H) V l n , so as to obtain the BRST operator Q only for the 
system of converted first-class constraints {Oi} \ {TC 1 }: 

Q' = Q + rji i (<T i + h i )+A i V i H , (5.1) 

where 

Q = q T + qfT + T+j + Vo L + 77/ V + L+rf + vLL lm + L+J m + 77+T + T + V 

+ KvtQi - Viqt)po + mot pf + vhiPi - Kql - ntm)Vo + (vtiVi - iqmt)Vi 

+ (rj+Vu ~ 2q qi)V+ - 2qf 2 V u - 2q 2 t V± 
- 2 \2q x q 2 - r? + r? 22 - i)f)u] Vyi + V + Vi2Pii + VV12P22 
-2 [2g+ q+ + 77+77+ + 7777+] P 12 - rjrj^Vn - r] + T]f 2 V 22 

+ [IV12VU + IV22V12 ~ 2qiq£] V + [kViiVw + \vi2V22 - 2q 2 qt] V + 

+ [\qwi2 - ii + qt ] P2 + [\qt - vqi] pi + [i^i + 2 - mi] P\ 
+ [lq£vi2 - v + q2\ pi + [\vi2V2 - vvi ] Pi + [\viv12 + v + V2] vt 

+ [ht2Vi - V + Vi] V 2 + [Ivivn ~ mv] ^ , (5.2) 



5 In terms of the redefinition (p-tj'Poj^'w) ^ 1 (pt, Vo, T^n) , the BRST operator (|4.4[) and relations (|4.5p are 
written in the notation of [SI 1451. 
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A* = i{vtiVa ~ Hqt + VV + (S a ~ V 2 ) + \vt2Vi2(S a + 6 i2 )}. (5.3) 

The generalized spin operator a 1 = (a 1 , a 2 ), extended by the ghost Wick-pair variables, has the 
form 

(6 a + 5 i2 )[ V +V 12 - r) 12 Vf 2 ] + (cT 2 - 6 a )[ V + V - V V + ] . (5.4) 

Second, we choose a representation of the Hilbert space permitting us to find the BRST 
cohomology spaces for the first-class constraint system, 

(pO,g^,P^,^0 ) ^,^,^ , ^,^m,^/m,^7,^ , ) |0) = 0, (5.5) 

and to extract from Htot the Hilbert subspace that does not depend on the rf n operators (since 
7i l are not first-class constraints as the other Oj), 

lx> = £(*)*(% + )*(tf)*(^ 

x(6+ )*S(6 + )*»a+ w . . . a+^V . . . ^X^^Jx)^). (5.6) 

The sum in (I5.6P is taken over k\, k 2 i, hi, k^ , k\3, fcu, ki5, running from to infinity, for i, I, m,n,o- 
1, 2, I < to, n < o, and over the other indices, running from to 1. Next, we derive from the equa- 
tions determining the physical vector, Q'\x) — 0, and from the reducible gauge transformations, 
S\ x ) = Q'\A), 6\A) = Q'|A (1) ), . . ., 5\M S ~^) = Q'|A (s) ), a sequence of relations: 

Q\X) = 0, K + K)\ X ) = 0, (e,^)(|x» = (l,0), (5.7) 

5\ X )=Q\A), (a J + ^)|A) = 0, (e,gh)(\A)) = (0,-l), (5.8) 

5\A) = Q|A«), K + h«)|A«> = 0, (e,gh) (|A«» = (1, -2), (5.9) 

6\A('-V) = Q\AM), {a 1 + h l )\A^) = 0, (e,gh)(\A^)) = (s,-s-l). (5.10) 

The middle set of equations in fl5.7l) - fl5.10l) determines the possible values of the parameters h l 
and the eigenvectors of the operators a 1 . Solving these equations, we obtain a set of eigenvectors, 
|x)(m,na)> \A)( num ), . . ., |AW)( nijna ), m > n 2 > 0, and a set of eigenvalues, 

d — 4 

= + — ^ * = 1,2, ni6Z,n 2 eN , (5.11) 

with (ni, 712) related to spin, s = (ni, n 2 ) + (1/2, 1/2). The values of nx, n 2 are related to the spin 
components si, s 2 of the field, because the proper vector |x)(ni,n 2 ) corresponding to (/ij, /i 2 ) has the 
leading term X°( p )° n o) n2 ( x )' independent of the auxiliary and ghost operators, which corresponds 
to the field ®(jj,) ni) {v) n ( x ) with the initial value of spin s = (si, s 2 ) in the decomposition (I5.6p . 



IX>(ni 



(ni,n 2 ) 



... a x a 2 ... a 2 X(n) ni ,{^ n2 { 



+&+a+" . . . a+^ar • • • ^tf&^^x) 

+6+a+« . . . a + ^-a+- . . . a^-'j^^^x) + ...] |0), (5.12) 

where the values of (ni,n 2 ) can be composed of the set of coefficients {& r } \ {h, k^} in (15. 6p by 
the formulae 

ni = k 2i + k M + k 5i + k 6i + k 7i + 2k^ + k 8 12 + 2kl + k 9 12 

+ k\ 2 + (-iy(£a + hi + fcia) + hAi + h 5 S i2 . (5.13) 
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Therefore, relations (I5.7p - (l5.10p guarantee both the extraction of vectors with the required value 
of spin and the nilpotency of Q in the corresponding Hilbert subspace. If one fixes the value of 
spin, then the parameters h l are also fixed by (15.111) . Having fixed the value of h\ we should 
substitute it into each of the expressions (15.7p - (15.10p . 

Third, we should extract the zero-mode ghosts from the operator Q as follows: 



Q = q f + 7] Q L + i{r]fqi ~ r}iqf)Po ~ *(?o - ViVi^o + (5.14) 



where 



T = T Q -2q+V i -2q i Vt, (5.15) 
AQ = q+T* + T+q* + tfU + L]rf + r?+ L lm + L+J m + V +T + T+ V 
+ Viiltpf + vtiliPt + vtiVi'Pi + vtVaPi - Zqi^Va - 2q 2 i Vt i 
- 2 \2qiq 2 - t] + t] 22 - VVn] Vt 2 + V + Vi2'Pn + W]nV 22 
-2 [2q+ g+ + 77+77+ + 7777+ ] V l2 - W)viPn ~ ^Vu^ 
+ [hnVn + - 2gi?2 ] V + + kVuVzi - 2q 2 qf] V + 

+ [I11V12 - v + qt ] P2 + [\qt V12 - mi] pi + [\<wii2 - mi ] pi 

+ [hi V12 - ii +( i2\ pi + [| V12V2 - wi ] Vi + [hi w + ^ + ^] vt 

+ [\V12V1 - V + Vi ] + [IV1V12 - Viv] ^2 • ( 5 - 16 ) 

Here, T , AQ are independent of go, Po, Vo, Vq. We also expand the state vector and gauge 
parameters in powers of the zero-mode ghosts: 

00 

|X> = E «S(lxS> + »»lxJ», Mx k J) = ~(m + k), (5.17) 

fc=0 

00 

|A (S) ) = E q k o(\A {s)k ) + Vo\A (s)k )), 9H\A (s)k m )) = -(s + k + m + 1). (5.18) 



fc=0 



Following the procedure described in [2HH1], we get rid of all the fields except two, \Xo), |Xo) • 

Namely, after the extraction of zero-mode ghosts from the BRST operator Q (15.141) . as well 
as from the state vector and the gauge parameter (15.171) . (15.181) . the gauge transformation for the 
fields |xo)> & > 2 has the form 

5\ X k ) = AQ|A fc > + m +|A*> + (k + l)(q iV t - mt)K +1 ) + TolA^- 1 ) + |Aj~ 2 > , (5.19) 

implying, by induction, that we can make all the fields \xq), k > 2 equal to zero by using the 
gauge parameters |A*). Then, considering the equations of motion for the powers q§, k > 3 and 
taking into account that |xq) = 0, k > 2, we can see that these equations contain the subsystem 

\x k - 2 )=V l vt\x1), k>3, (5.20) 

which permits us to find, by induction, that all the fields k > 1 are equal to zero. Finally, 
we examine the equations of motion for the power q^: 

|X?> = -TolxS) , (5-21) 

in order to express the vector | Xi) i n terms of \xh)- Thus, as in the totally symmetric case, 
there remain only two independent fields: |Xo) - The first equation in (15.71) . (15.141) . the 
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decomposition (I5.17p . and the above analysis then imply that the independent equations of motion 
for these vectors have the form 

Ag|x8) + i{W»*}IXo> = 0, (5.22) 

fo|Xo) + AQ|xS) = 0, (5.23) 

where {F, G} = FG + GF for any quantities F, G. 

Then, due to the fact that the operators Q, T , rjfrji commute with cr\ we obtain from (I5.22p . 
(15.231) the equations of motion for the fields with a fixed value of spin: 

&Q\Xo)(n u n 2 ) + -{^MlxiWs) = 0. (5-24) 

TolXo)^) + AQ|x£) (ni>ri2 ) = 0. (5.25) 
where the fields \Xo){ni,n 2 ), k = 0, 1 are assumed to obey the relations 

^\Xo)(nun 2 ) = {ni + (d- 4)/2 - 25 l2 ) \x k )(n u n 2 ) , k = 0,l. (5.26) 

The field equations (15.241) . (15.251) are Lagrangian ones and can be deduced, in view of the 
invertibility of the operator K, from the following Lagrangian actional 

<5(ni,n 2 ) = (ni,7i 2 ) (Xol-^(rM,7i2)^o|Xo)(ni,n 2 ) + ~^ (m ,n 2 ) (Xo I ^(m ,n 2 ) {^0> vtVi } I Xo) (m ,n 2 ) ) 

+ (ni,n 2 )(Xol-^(n 1 ,n 2 )AQ|Xo)(n 1 ,n 2 ) + ( m ,n 2 ) (Xo |-^(ni,n 2 ) ^Q\Xo) («i,n 2 ) J (5.27) 

where the standard scalar product for the creation and annihilation operators is assumed, and 
K( nit n 2 ) is the operator K (14. 8 j) with the following substitution: /i l — > — frij + (d — 4)/2 — 25 i2 )- 

The equations of motion (15.24ft . ( 15. 25ft and the action (15.271) are invariant with respect to the 
gauge transformations 

%o>(m,n 2 ) = AQ|A°} (min2) + i{f ,77^}|A^) {nijn2) , (5.28) 

^|Xo)(m,n 2 ) = ^o|Ao)(ni,n 2 ) + ^Q\K)(ni,n 2 ) > (5.29) 

which are reducible, with the gauge parameters |A( s )g)( niin2 ), j = 0, 1 subject to the same condi- 
tions as those for |Xo)(ni,n 2 ) i n fl5.26j) . 

^ s % mim) = AQ|A (s+1) o) (ni)n2 ) + ^{fo,^}|A( s+1 ^) (ni|n2) , |A<°>°) = |A°) , (5.30) 

*|A W S>(„ 1M) = f \A^ ) {nun2) + AQ|A^) (ril , n2) , |A^S> = \K) , (5.31) 

and with a finite number of reducibility stages at s max = n\ +n 2 for spin s = (ni + 1/2, n 2 + 1/2). 

In addition to restrictions (15.131) . the set of coefficients {k r } \ {k\, k^} in ( 15.61) for fixed values 
of Hi, satisfies the following equations for |Xu)(m,n 2 ) |A^^°)( ni n2 ), respectively: 

\xi)(nun 2 ) ■ ~ fc » + fc 6i - k 7i ) + (/ef m - kf m ) + fcio - fcn = —j, (5.32) 

\K S)j )(n U n 2 ) ■ ^ ~ fc * + fc « _ fc «) + Yl ~ k lm) + ^10 ~ k n = ~(s + j + 1), (5.33) 

i l<m 

6 As usual, the action is defined up to an overall factor. 

7 In the case of a spin-tensor field ^( J u)„ 1 ,(r/) n , 2 ,...,(p) n (%) with the Young tableaux having k rows, one can show 

that the stage of reducibility for the corresponding Lagrangian formulation must be equal to s max = Sz=i n i + 
k(k — l)/2 — 1, so that for a totally symmetric field (a;) one has s ma2 . = n± — 1, in accordance with [33]. 
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due to the ghost number distribution (15.171) . (j5.18p . 

Thus, we have constructed, by using the BRST procedure, a gauge-invariant Lagrangian 
description of fermionic fields with a mixed symmetry of any fixed spin s. 

A Lagrangian description of a theory with a half-integer mixed-symmetry HS field of mass m 
in a (i-dimensional Minkowski space is deduced by dimensional reduction of a massless HS field 
theory of the same type in a (d + l)-dimensional flat space R 1, . To this end, we have to make a 
projection M}' d — ► ]R 1,a!_1 with a simple decomposition, 

d M = (d^-zm), af = (afA), af + = (af + , 6+) , 7 M = (^,7), (5-34) 

M = 0,l,...,d, // = 0,l,...,d-l, ?7 MJV = dia^l, -1, . . . , -1, -1) , (5.35) 

whereas the quantities 7T07, identical with T Q for massless HS fields, transform, for massive fields, 
as 7T07 = T *, Tq = — ry^c^ — m. Thus, for the coefficient functions entering with 7-matrix into 

the decomposition of any vector composed of |Xo)(ni,n 2 ); l^-o S ^)(«i,n 2 )? t ne homogeneous part of a 
vector |S)( ni) „ 2 ) with respect to 7-matrix is subject to 

*7 M d M |H> = (vfdn - {-l)^m) |S>, deg^E) = 0, 1 , |S> G K), |A? M >} • (5.36) 

Relations (15.341) . (15.351) indicate the presence of four additional second-class constraints, k,lf, 
with corresponding oscillator operators b iy bf, [£>i,fet] = in comparison with the massless 
casejfl 

A simultaneous construction of Lagrangian actions describing the propagation of all massless 
(massive) fermionic fields with two rows of the Young tableaux in Minkowski space is analogous 
to the case of totally symmetric spin-tensors in flat space [44J, and we only note that a necessary 
condition for solving this problem is to replace in Q', Q, K the parameters —h % by the operators 
o % in an appropriate way and discard condition ( 15.261) for the fields and gauge parameters. Among 
other things, this completes the conversion procedure for the initial constraint system \p{\ \ {g l } 
and the construction of a nilpotent BRST operator in the entire Hilbert space for the set of 
converted constraints {Oi} \ {H 1 }. 

In the next section, we shall sketch a proof of the fact that the action, in fact, reproduces the 
correct equations of motion (I2.2I) - (I2.5I) . 

6 Reduction to the Initial Irreducible Relations 

Let us briefly show the fact that it is only the solutions of the equations of motion (I2.2l) - (l2.5p that 
determine the space of BRST cohomologies of the operator Q (15.21) with a vanishing ghost number 
in the Fock space TC for the basic fermionic field with spin s = (rii + 1/2, n 2 + 1/2). To solve this 
problem, we can follow two ways: the first one is realized, for instance, in [26J for massless totally- 
symmetric bosonic fields in a flat space-time, and the second one, for totally-symmetric fermionic 
fields jmH5]. We will use the technics of (HI S3], taking into account the fact that the spectrum 
of component fields for an arbitrary vector |x)(rn,n 2 ) i n A5.6j) for k± = k A = is essentially larger 
than the spectrum for a totally-symmetric fermionic vector |x)( ni +„ 2i o), for whose description one 
should not use the operators q£, / 2 + , r)£, "P 2 + , r/Jj, Vf 2 , r)+ 2 , "P+, 77+, P+, b + , 6| 2 , b\ 2 , a\ v and 

8 On a basis of the above arguments, one can state that the procedure of dimensional reduction given by 
relations (|5.34|) , (|5.35|) can be applied to massless mixed-symmetry bosonic fields [9] in order to obtain a Lagrangian 
description of massive mixed-symmetry bosonic fields, whereas for fermionic HS fields it is necessary to add Eqs. 

(535), C£ M- 
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the corresponding conjugations^ As a consequence, the character of proof is more involved even 
in comparison with the case of the AdS space [15] . 

In the standard manner, the proof consists of two steps. First, in order to simplify the 
spectrum of the gauge parameters |A^o) an d the fields \xb)i j = 0, 1, we apply to them a gauge- 
fixing based on the structure of gauge transformations fl5.28p - fl5.3ip and extract the physical field 
l$}(ni,n 2 ) alone, by using (J277J) for s = (m + 1/2, n 2 + 1/2): 

IXo)(na,ri2) — I ^) ("1,712) \*&a) (ni,ri2) ) \^a) (ni,7i2) 

Second, we use a part of the Lagrangian equations of motion f)5.24p . (I5.25P in order to select from 
them only the equations of motion for |$)(ni,n 2 )j an d to remove all of the remaining auxiliary 
fields of lower spins. 

Let us now describe the basic sequence of gauge-fixing. Our strategy consists in a successive 
elimination of the terms with from the fields |%q) and gauge parameters |A^ s ^q), starting 
from the top of the tower of gauge transformations fl5.28p - fl5.3ip . For this purpose, it should be 
noted that we have a reducible gauge theory of {n\ + n 2 )-th. stage of reducibility. Because of the 
restrictions for the spin (15.131) and ghost number (15.321) . (15.331) . the independent parameters of 
the lowest stage have the form 

|A {ni+n2) X,« 2 ) = (pt) ni \A(pt,V+,V + )) i0 , n2) , \A (ni+n2)1 o) {ni ,n 2) = 0, (6.2) 

where the vector \A(pf,V^,V + ))(i !n2 -m) = \A){i,n 2 -m) , I <n\,m< n 2 , has the structure 

\A) (ltn2 . m) = v + { (pl) k (ptT 2 ~ k U l )(-k + i + i,k-i- m) 

k=m+l 
712— 1 

k=m 



C.=V=h+.=h+=f J < 



(6.1) 



n 2 — 1 

+n E (pi) k (pir^V k l )(-^i + i,k-i- m) 

k=m+l 

n 2 -2 

+rm E (pinpir- k - 2 U l )(- k+ i,k- m) } ■ (e.s) 

k=m 

It can be verified directly that one can eliminate the dependence on the ghost from 
the gauge function lA^ 1 " 1 "" -2-1 ^) of (ni + n 2 — l)-th stage of reducibility, whereas the vector 
|A(«a+"2-i)i) hag the game s t ruc ture as \A^ ni+n ^° ) in (E2D- Indeed, for |A( ni+na-1 )g) we have the 
following expansion in the powers of V^, Vi 2 , V 22 . 

+'PtM) ni - 1 \A} { o,n^i ) + VUptr\A)^ n2 . 2) , (6.4) 
with \A)/ 0)Tl2 _ k \ defined according to (16.31) . so that the gauge transformation (15.301) at implies 

5|i) (0 ,n 2 ) = -2q 2 M) 2 \A) ( ^ n2) . (6.5) 

9 The total number of independent "creation" operators which are necessary to compose the vector |x)(ni,n 2 ) is 
more than twice as large as the number required for |x)( ni +„ 2i o) : (2d + 22) /(d + 8). 
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After the vector \A)(p jn2 ) has been removed, the theory is transformed to a theory of {ni + n 2 — 1)- 
th stage of reducibility. Then, it is possible to verify that one can remove the dependence of 
|A.(ni+n 2 -2)j^ on Vyy with the help of the remaining gauge parameters lA^" -14 "™ 2-1 ^), which do not 
depend on V\\. 

It then becomes possible to prove by induction that after removing the dependence on Vi± 
from the gauge parameters up to the (s + l)-th stage, |A^g), k — 0, 1, I > s + 1 (i.e., we have 
7711 1 A^q) = 0), and applying the restricted vector |A^ s+1 ^q), one can eliminate the dependence on 
"Pi! from the gauge functions |AWq). To this end, we introduce the following notation for the 
gauge parameters related to their expansion in the ghosts V^: 

|A (0 o fc ) = |Aif) + E^I A D+^n(^l A of) 

+P+|A<?) + Vt 2 V+\A$l k )) + n + 2 P 2 + 2 |A f ) . (6.6) 



Here and elsewhere, we omit the vector subscripts associated with the eigenvalues of the operators 
a 1 (15.261) . From (15.301) . (15.311) . we obtain the gauge transformations for lAg* *), |A p fe ), p = 1, 2, 3, 
being the coefficients at V^, namely, 

5\Aif) = -2^|A^ 1)fe )+^|AS 1)fc ), (6.7) 
*|ASf> = - 2 g?| A^>, (6.8) 

5|Ajf) = -2ql\A& + 2 1)k ) + V + \A& 1)k ) , (6.9) 
5|A f) = -2^|A£ +1)fc >. (6.10) 

Then, a certain choice for |Aq4 fe ), \Aq^ ) removes |A ^ fc ), |Aqi ), respectively, whereas a 
certain choice for |Aq^2 k ), |A q +1 ^) eliminates |Aq2 }, | Aq^) by means of the remaining gauge 
transformations. Thus, we have shown that the dependence on can be eliminated from 
|AWq). As a consequence of the above procedure, the theory becomes a gauge theory of Z-th stage 
of reducibility. 

This algorithm is valid down to the vector |A(" 2+1 )g), when there arise terms linear in pf. 
When these terms are present, one deals with gauge parameters that have remained unused after 
eliminating the dependence on V^[. Therefore, in view of the r^-dependent terms in ( 16.71) . (16. 9p . 
a gauge transformation with such parameters may cause some P^-dependent terms to appear in 
the transformed vector |A(™ 2 )q). Consequently, it is necessary to make a gauge transformation 
with parameters linear in p*, or independent of it, before removing the P^-dependence. Let us 
examine a gauge transformation with the gauge function lA*™ 2 ^) more carefully. 

Suppose that the dependence on the ghost in | A^™ 2 " 1 " 1 ^) has been removed by a gauge 
transformation, and hence the functions lA*™ 2 " 1-1 ^), |A^ 2 ^g) admit the following representation: 

|A ( " 2+1) S) = rf(|A ( - +1) oV+n + 2 |A^ (6.11) 
|A ( " 2+1) ) = (p^)^^^ 1 ^,) +^ 1 t|Afe +1)1 > +Pi-^ 2 + 2 |Ag| +1)1 >) , (6.12) 
| AM o } = |AM° ) + ^P+|A^°), (6.13) 

\A {n %) = P l(\A {n2) lo)+K 2 \A^ (6.14) 

where the vectors |A^q ), |A ^ fc ), I = n 2 ,n 2 + 1, i,j = l,2,i < j, possess terms having no 
dependence on p+, except for lA^ ), and the vectors in (I6.14p have a structure analogous to 
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the corresponding structure in (16.111) . Then, one has to make a transformation with parameters 
linear in pf. We will use |A( ra2+1 ^Q ), |Aq™2 +1 ' )0 ) to make such gauge transformations. Since 

5|AM° > = T+|A(- +1 )° ), |A(- +1 )° ) = qi \A^ +1)0 00 ) , (6.15) 

5\A&f) = T+|Afe +1) °>, |A&1 +1)0 > = gi|Afe +1) °), (6-16) 

one can use the vectors | A^™ 2+1 - > q ) , |Aq™2 +1 ' )0 ) to eliminate the dependence on and f± from 
IA^^qq) and |Aq™^°), respectively, due to the fact that the frj^- and /^-linear components of the 
latter vectors are identical to the corresponding components of the previous vectors. As a result, 
we obtain the gauge-fixing 

fenlA^o) = MA^o) = = /i|A£f) = 0, (6.17) 

and then remove the P^-dependence from |A(™ 2 )q), as has been described in the case of the system 

dszn»-<iniini». 

Proceeding by induction, we may use the algorithm which has been applied to the treatment 
of the vectors (16 . 1 3j) . (16. 14j) in order to eliminate the dependence on related to all the vectors 
down to |A(°)q), whereas the P^-independent terms in |A^q) for I > n 2 are restricted by relations 
of the form (I6.17P . 

Let us now turn to the gauge-fixing of the fields. We expand the fields in the powers of the 
ghosts by analogy with the gauge parameters: 

IXo) = lxSo) + E^I^)+ P n(^l^oi) 

+V^\Xo2) + KV+\ X k 03 )) + V+V+\x k 04 ) ■ (6.18) 

Further, we need to restrict the vectors by the gauge conditions (I6.17p . which follow from the 
gauge transformations, and then we eliminate the terms coupled to V^. 

Having completed the above procedure, we briefly mention that the remaining gauge ambiguity 
is sufficient to eliminate the auxiliary oscillators b + , from the field |Xoo° °)> 

i 

IXoo) = E E (ptW^xST) , (6-19) 

li>0 m,j=0 

and therefore, in view of gh(\xoo° 00 )) = 0, this field has no dependence on the ghost "coordinates", 
so that, after the gauge- fixing, we conclude 

lxr°) = l*>- (6-20) 

The second step of establishing an equivalence of equations (I2.2l) - (l2.5p with the Lagrangian 
equations (15.241) . (15.251) is more involved and is based on a detailed expansion of equations (I5.24p . 
(15.251) in the powers of p^, q^, rjf , rjf-, rj + and then in the powers of b^, f^. We only state the 
result that after gauge-fixing |xoo) an d IX012) 1X022)5 IX04); expanded by analogy with (I6.19p . the 
only independent equations among (15.241) . (15.251) have the form 

*„|$) = t i \$) = t\$) = 0, (6.21) 

and all of the auxiliary fields can be made equal to zero. 

In what follows, we consider some examples of the Lagrangian formulation procedure. 
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7 Examples 



Here, we shall realize the general prescriptions of our Lagrangian formulation in the case of 
fermionic fields of lowest spins. 

7.1 Spin-(3/2,l/2) Field 

In the case of a field of spin (3/2,1/2), we have (ni,n 2 ) = (1,0), (h\h 2 ) = (1 - d/2,4- d/2). 
Since s max = 0, the corresponding Lagrangian formulation is an irreducible gauge theory and 
describes a totally symmetric fermionic field of spin s = 3/2. The nonvanishing fields |Xo)(i,i) 
and gauge parameters |A(j)( lj0 ), (for |Aq)( 10 ) = 0, due to gh( | Aj) (i,o)) = — 2), have the following 
Grassmann grading and ghost number distribution: 

(e, gh) (|x J )(i,o)) = (1, -i) , (e, gh) (K) m ) = (0, -1) . (7.1) 

These conditions determine the dependence of the fields and gauge parameters on the oscillator 
variables in a unique form, with the help of the operators corresponding only to the first row of 
the Young tableaux, 

1x8) (i,o) = [-io+^(x) + ftl^{x)\ |0>, |xo)(i,o) = [Ptixix) +plxi(x)} |0), (7.2) 
(i,o) (xSl = <0| [#J(^K + f (s) 7 /i] 7°, (i, )(Xol = <0| [x + {x)Wi + xtpi] 7°, (7-3) 
|Ao)d,o) = [PttiW +PtlUx)} |0>, (7.4) 

Substituting (17. 2p . (17. 3p into (I5.27p . we find the action (up to an overall factor) for a free massless 
field of spin (3/2, 1/2) on a flat background: 

5(i,o) = / d d x [r{zYd^ ~ d, X ) + (d~ 2)$\i>fd l fl> + Xi} 

+x{i-fd llX - Xi + d^} + X i{h^ + {d- 2)^ - X }] ■ (7.5) 

In deriving the action (17.51) . we have used the expressions (13.361) . (14.81) for the operators Kn ni^l. 
A substitution of ( 17.2p -( j7T4l) into ( 15.28[) . ( 15. 29ft permits one to find the gauge transformations 
(E2HD, (ESI) in the form 

<% = ^i + *7m6, <ty = 6, S X = 11^ -2^2, Sxi = -i-fd4 2 . (7.6) 

Let us present the action in terms of the physical field f alone. To this end, we get rid of the 
field if) by using its gauge transformation and the gauge parameter £ 2 - Having expressed the field 
X by using the equation of motion x — ^T^VV' we can see ^ na ^ ^ ne t erms with the Lagrangian 
multiplier Xi turn to zero. As a result, we obtain the action 



S (1 , ) = / ft if 7 "9^ - if (7,9, + 7^)f + if 7,7^,7^ , (7.7) 



10 For ri2 — 0, we have the case of totally symmetric spin-tensors in a <i-dimcnsional flat space [44] . so that 
the total HUbert space TLtot and all of the operators acting on it can be factorized from q£ , rfe , 77^ , r/^ , r] + , 
Q2, 772, V12, V22, V: fit &i2! ^121 ^ + ano - their canonically conjugate operators. In the expressions for the action (|5.27[) 
and the sequence of gauge transformations (I5.28p - (I5.31|) . we must set ni = and use the above restrictions for 

TLtot- In particular, the operator K' {ni fi) has an exact form [44], -ff('„ li0 ) = Z) nu =o T^IT ( l^nK^nl C(nu, h ni ) - 
2/ 1 + |n u )(ra 11 |/ 1 C(nu + 1, ft ni ) ) , for C(n, ft) = ft(ft + 1) • • • (ft + n - 1), C(0, ft) = 1. 
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which is invariant with respect to the residual gauge transformation Sip^ = d^\. 

To obtain a Lagrangian description of a massive fermionic field, we may use the prescrip- 
tion (I5.34I) - (I5.36I) either from the very beginning of our treatment of this example, i.e., starting 
from expansion (17.21) . (17.31) . or starting directly from the action (17. 71) written for a (d + 1)- 
dimensional Minkowski space. Following the latter possibility, for a spin-3/2 massive fermionic 
field, with ip M = (ip^,^), the Stueckelberg field being <p, and with %^ M dM^ N = (il^d^ — m)ij) N , 

OmIn^ = {il^dp + m)j N tp N in view of (15.361) . and due to the relation \ — ijNip N before 
Eq. (17. 7p and the structure of |Xo)(i,o) m fl7.2j) . the Lagrangian reads 



+m/> m (<9 m - irrvy^tp + i<p(d^ - zm/y^)^ + 2tpmtp 

+{$ v lv + (fi^d* + m)( 7 ^ + <f), (7.8) 

and is invariant, modulo a total derivative, with respect to the gauge transformation 

= d^, 6<p = m£. (7.9) 

After removing the field (p by means of the gauge transformations, we obtain the Rarita-Schwinger 
Lagrangian in a <i-dimensional flat space [4H] . indeed, 

^ = V{i 1 v d u -m)4,,-i^{ 1 »d, + 1 ,d»)^ + ^^{ird a + m)Y^. (7.10) 
7.2 Rank-2 antisymmetric spin-tensor field 

In the case of a spin-(3/2,3/2) field, we have = 1, (/i 1 , h 2 ) = (1 — d/2, 3 — d/2). Since s max . = 2, 
the corresponding Lagrangian description is a reducible gauge theory of second-stage reducibility. 
The nonvanishing fields |xo)(i,i)> |Xo)(i,i)> g au S e parameters |Ao)(i,i), first-stage gauge parameters 
|Ao )(i,i), and second-stage gauge parameters (for |Aq 2 ' )1 )( 1j1 ) = 0, due to g7i(|Ag ^(i^)) = —4), 
have the following Grassmann grading and ghost number distribution: 

(e, gh) (|xo)(i,i)) = (1, -<) , ^) (|A fc )(i,i)) = (0, -1 - k) , (7.11) 

(e, ^) (| A« fc ) (lil) ) = (1, -2 - k) , (s, gh) (|A( 2)0 ) (1i1) ) = (0, -3) . (7.12) 

These conditions allow one, first, to extract the dependence on the ghost variables from the fields 
and gauge parameters: 

IXo)(i,D = l*>(i,D + ^2 + l*i)(o,o) + Kvt\^2) m + qfpt\^s)(o,o) (7.13) 
+pfq£\^ 4) (0,0) + Vi P2 5) (0,0) + ql Vt 7|* 6 ) (0,0) + qt t) {0,0) 
+pH + 7l*8)(o,o) +P 1 + 1 ?7 + |*9}(o,o) +^n^ + |^io)(o,o) 
+g 1 + P + 7|^i) (li0) + ^P + |y? 2 )(i,o) +^i + ^ + |<^3)(i,o) + PiV + l\f4)(i,o) 
+qWIpi)(-i,i) + ?i + ^i + 7|P2)(-i,i) + ^i"Pi"7|pa)(-i,i) + ^i + |P4>(-i,i) » 

IXo)(i,i) = PilXi>(o,i) +P 2 f |X2)(i,o) +^i + 7lX3)(o,i) +^ 2 + 7lX4)(i,o) (7.14) 
+^12 7 1 Xs) (0,0) + gW^ + 7lX6)(o,o) + ^i + ^i + ^ + 7lX7)(o,o) 
+g 1 + P 1 + P + |x 8 ) ( o,o) +^ 1 + P + | X9 )(o,o) +pW^ + IXio)(o,o) 
+ (p*) V"7|Xii>(o,o) + ^ + 7lXi2)(2,o) + ^n7lXi3)(-i,i) , 
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|Ao>(i,D = Ptl\£i)(o,i)+pil\&) {m +V?\&) m +V+\^) m (7.15) 
+n + 2ie 5 )(o,o) + qtptV + \^) m + vtKV + \&) m 
+qtV+V + ^ 8 )(o,o) +pivfP + l\^)(ofi)+piV^ + l\^io)(o,o) 

+(pt) VI£h) ( o,o) + ^ + iei2>(2, 0) + n + ii6 3 ) ( -i,i) , 

|A >(i,i) = ptpt^i)m+plV+\\ 2 ) m +V+p+\\ 3 ) m (7.16) 
+P 1 + P 2 + 7|A 4 )(o,o) + ^i + i^ + 7|A 5 )(o,o) + ^i + ^ + 7|A 6 )(i,o) 
+^ + |A 7 )(i,o) + (rf) 2 7|A 8 )(-i,i) +^i + |A 9 ) ( -i,i) , 
|AS 1)0 )(i,i) = P^ld^)^) +P^^ 2 + 7ld 1) )(o,o ) +n + ^7ld 1) )(o,o) (7.17) 
+^ 2 + ld 1) )(o,o ) + Vt x V + \^) m + VtV + \£ ] ) (m 
+^ + 7l^ 1) )(i,o) + (Ptm\-x,i) +^+71^) (-1,1) , 
lATW) = bD^TlAf^o^+pWP+iA^^co), (7.18) 
|A? )0 )(i,i) = (rf) 2 ^ + ld 2) )(o,o)+P^ + 7ld 2) )(o,o), (7.19) 

where the coefficient fermionic fields and gauge parameters in the right-hand side of equations 
(I7.13I) - (I7.19I) are independent of ghost operators. The bra- vectors (i,i)(Xol corresponding to ex- 
pansion (17.131) . (I7.14p have the form 

(l,l)<Xol = (l,l)(*|+(0,0)(*l|^l + (0,0)(*2|^l + (0,0)(*3klP2 (7.20) 
+ (0,0)(^4|<? 2 Pl + (0,0)(*5|7P2^1 + (0,0) (^6 17^2^1 + (0,0) (*7 1 792^1 
+(0,0)(*8|7Wl + (0,0) (*9 1^11 + (0,0) (^10 1^11 
+ (1,0) (<fl \lPq\ + (i,o) {(p2\Pr)l + (l, O )(03|^l + (l,0)(^4|7Wl 

+(-i,i)(pibi9i + (-i,i)(P2|7^i9i + (-i,i)(Ps|7Pi^i + (-i,i)(P4|"Pi?7i , 

(1,1) (Xol = (0,l)(Xlbl + (1,0)<X2|P2 + (0,1)(X3|7^1 + (1,0)(X4|7^2 (7.21) 
+ (0,0) (X.5 17^12 + (0,0)(X6|7^Pl9l + (0,0) (X7 \lWxf]x 
+(0,0)(X8|'P7 3 igi + (0,0)(X9|^lPl + (o,o)(xio|^iPi 
+ (0,0)(Xll|7W 2 + (2,0)(Xl2|7P + (-1,1) (Xl3 IWu • 

Substituting (I7TT5|> . (f7~Ii|) . (I7T2TID . fT7T2"Tj) into (ICTI) . we find the action (up to an overall factor) 
for a spin- (3/2, 3/2) free massless field on a flat background in the form of a scalar product for 
vectors defined only in Ti ® H', 



S 



(i,i) 



{iT |*> + T+lxi) + T+| X2 ) + 7L+| X3 > 

+ T^|X4) + 7^1X5) + 7T + |xi 2 ) + T^nlXia)} 

+(%i\K {1>1) (T |^ 2 ) - 27|^ 8 ) - 7L 2 | X3 > + |tIX5> + TlXr)} 

+ (^ 2 |ir (l5l) {27|^ 5 >+7£i|X4> - |TlX5> -7lXr)} 

+(f 3 |#(i,i) {To|^ 4 > - 27|^ 8 ) + T 2 | X i) + |7lX5> - 7lXe) - 4 7 |xu>} 

+<* 4 |#(i,i) {-27|^ 5 ) + Ti| X2 ) + |tIX5> - 7lXe)} 

+(# 5 |#(i,i) {-To\^ 7 ) ~ T 2 \ X3 ) + 7lX8> + 27IX10)} 
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+(* 6 |#(i,i) {-Tol^s) + lL 2 \xi) + 7|X9>} 

+{$ 7 \K (1A) {7^i|X2> + 7|X9>} + (* 8 |#(i,i) {-7i|x4) + tIxs)} 

+(* 9 1^(1,1) (Tol^io) - |7lXs) +7lXe) +7|X 7 ) +7^n|Xi 2 )} 

+(f io|^(i,i) {tIxs) - 47|xn) - T^Xis)} 
+ (^i|ir (1>1) {-To|y» 4 > +TT|Xi> -T|X2> +7^|xio> - 2T+|xn)} 

+(02|^(i,i) ( T ol^) - 27^4} -7?1X3> + 7|X4> +T+|xio)} 

+ {-7^i"IX7> + T+\ XQ ) + jLtlxn)} 

{-27IX2) - r+lxe) + 7^lxs> - 7i|xi 2 )} 
+ {|T | Pl ) -27|p 3 ) +Tt\xi) +JT+\ X6 ) +7IX13)} 

+(^1^(1,1) {-T \p 3 ) +7L1IX1) - 7^+1x9)} 

+<A»l#(i,i) {-27|P4> - Tilxa) - 7T + |xs)} 

+(/04|#(i,i) {-|T |p 4 ) - T^ilXs) - 7^ + lx 7 ) + 7IX13)} 
+ (xi|^(i,i) {-7lX3)} + (X2|^(i,i) {-7lX4)} + (X3|^(i,i) {-| T olX3>} 

+ (X4|%,i) {-§^o|X4)} + (Xe|#(i,i) {-7lXio)} + (X 7 |%,i) Mlxio)} 

+(X8|^(i,i){T |xio)-27|xii)} -<••<■• 



(7.22) 



where we have omitted the lower spin subscripts of the component fields. In deriving the action 
(17.221) . we have used the expressions for the operators if (1,1) (I3.36p . (14. 8p . and then, substituting 
(I7.2p - (I7.4I) into (15.281) . (I5.29p . we find the gauge transformations for the vectors \^k), 



)|^ 2 
»|*4 

>|*9 



8\ 
51 



-j(T+\&) + T+|6» + L+\&) + Lt\U) + L+\&) + L+|a 3 ) + T+ltu), (7.23) 



Li|£ 4 > - ll^s) - |£7> - |A 2 ) + 2|A 3 ) - 7T |A 4 ), 

+ 5I&) + 16} - 2|A 2 ) + |A 3 ) - 7T0IA4), 
-T^i|€ 2 > + ||C5> - l^e) - |A 3 ), 
-7T 2 |£i) + ±|&>H&>-4|6i>-|A2), 
^i|6) + ie 9 )-|A 1 )+7To|A 3 ), 
72i|e4> + |6>-|A4>, 
7T 2 |U + Ks) + 2|6o) + |A 4 ), 
L*\Zi) + \&)+TT \\ 2 )-\\i), 

ie 5 )-4ieii>-riei3>, 

-lies) + |^6> + I^t) + iriilCia), 



for the vectors 

%i> = 

% 2 > = 
%3> = 

5\<p 4 ) = 
S\px) 

S\P2) 

S\ P s) 



-2|6) + 7^1^) + L+fa) + 7T1I62) - |A 6 ) , 
-L+ICt) - 7^ + |e 9 ) + £i|£i2> - 7T |A 6 ) - |A 7 ), 
-T\^) + \U)-lT^\U), 
T|6)-|6) + ^l6o) + 27T+|6i), 

-7T 1 iei)+T + ie 6 ) + iei3)-iA 9 ), 

tTi|6>-t + |6>, 

^i|ei)-T + |e 9 )-2|A 8 )+7T |A 9 ), 
£i|£3>+T + |£ 7 )-|£i3> + |A 9 >, 



(7.24) 
(7.25) 
(7.26) 
(7.27) 
(7.28) 
(7.29) 
(7.30) 
(7.31) 
(7.32) 
(7.33) 



(7.34) 
(7.35) 
(7.36) 
(7.37) 
(7.38) 
(7.39) 
(7.40) 
(7.41) 
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and for the vectors \xm), 

6\xi) = -7To|ei)-7T 2 + |A 1 )+L+|A 2 )+T + |A 7 )-27T 1 + |A 8 )+L+|A 9 ), (7.42) 

S\ X 2) = -7T |6)-7T 1 + |A 1 )+L+|A 3 )-|A 7 ), (7.43) 

S\xs) = -2|ei)+7T |e3)+7T 2 + |A 3 )-i:+|A4)-T + |A 6 )+7r i + |A 9 ), (7.44) 

S\xa) = -2|6)+7To|e 4 )+7T 1 + |A 2 )+L+|A 4 ) + |A 6 ), (7.45) 

%5> = 7T |e 5 )-4|A 1 )+2|A 5 ), (7.46) 

%e> = 7To|e6)-2|e 9 )-2|A 1 ) + |A 5 )+7Ti|A 7 ), (7.47) 

S\X7) = 7To|£7>+2|£9>-|A 5 >+£i|A 6 >, (7.48) 

8\ X s) = -7To|6)-2|U-2|e 7 )+2|A 3 )-7Ti|A 6 ), (7.49) 

5\ X9 ) = -7T |6)+^i|A 7 ), (7.50) 

5\xw) = -77o|eio)-4|eu) + |A 2 ) + |A 3 )-T|A 9 ), (7.51) 

%n> = 7T |6i)-|Ai)+T|A 8 ), (7.52) 

S\xu) = 7T |ei 2 ) + ^ 11 |A5) + L+|A 6 )+7T 1 + |A 7 ), (7.53) 

Slxis) = 7T |63)-T + |A 5 )-4|A 8 ). (7.54) 

Then, substituting expressions (j7.15p - ([7.18p into (15.301) . (15.311) . we obtain the gauge transforma- 
tions for the zero-stage gauge vectors |£ m ), |A n ), 

8\ti) = -^1^) + Ij + ief 5 ) + r+lff 5 ) - 2^+1^) + If^) , (7.55) 

<%> = -T^+l^ + ^l^}-^}, (7-56) 

<%> = tt^-Lt^-T+^+yr+ltjp), (7.57) 

S\U) = YI?\ZS ) )+lf\£ ) ) + \& ) ), (7-58) 

= -4|d 1) )+2|^ 1) ), (7.59) 

*lea> = -2|e| 1} > + id 1} > + T^il^) - lA^) , (7.60) 

<%> = -I^+L^ + IX?), (7.61) 

<%> = 2|d 1) )-7T 1 |d 1) ), (7.62) 

<%} = L 1 |^ 1) )-2|aS 1) )-7T |A( 1) ), (7.63) 

6\U = l# } > + 1&) - T\$>) , (7.64) 

<%i> = -Id 1} > +^ld 1} > , (7-65) 

<% 2 > = ^iidV^itfH^i^), (7-66) 

*|£i8> = -T + |d 1) )-4|d 1) ), (7-67) 

5^) = _^T |d 1) )-2|AS 1) ), (7.68) 

5|A 2 > = -2|e 1 W >+7To|ef ) > + |A? ) >, (7.69) 

5\X 3 ) = -2\£ ) }+jT \tP) + \\P), (7.70) 

5\\ 4 ) = -2|e? ) )-7T |d 1) ) + 2|ef ) ), (7.71) 

5|A 5 ) = -7T |d 1) )-4|Ai 1) ), (7.72) 

*|A 8 > = -7T |d 1) )-2|^ 1) )-7T 1 + |A«), (7.73) 

5|A 7 ) = jT \^ 1) ) + 2jT 1 + \X?)+L+\X^), (7.74) 

5\Xs) = -^T \^)+T + \X?), (7.75) 

^|A 9 ) = 7T |d 1) )-4|d 1) )-^ + |A^ 1) ). (7.76) 



24 



Finally, using the equations (15.301) . (I5.3ip for the vectors (IT. 1 8[) — (17. 19j) . we find the gauge trans- 
formations for the first-stage gauge vectors |£n ), |Ao ), 

Sit?) = -2|d 2) ), 6\tP) = (7.77) 

5|d 1} > = ld 2) ), S\& ] ) = 0, (7.78) 

= -4K! 2) ), Sltf) = -jT+ltP), (7.79) 

5|e? } ) = 27T 1 + |ef ) )+L+|d 2) ), = T + |e{ 2) ), (7.80) 

mP) = -r + ie! 2) ), (r.8i) 

*|A?>) = 7T |d 2) ), <*|A«> = -7T |d 2) > -4|d 2) >- (7-82) 

In order to derive the action <S(i,i) (17.221) only in terms of the component fields, we, first of 
all, present the vectors |\&), l^fe), \<fi), \pi), \Xm) an d the corresponding bra-vectors as expansions 
with respect to the initial and auxiliary creation operators: 



(o 



|*>(i,i) = (a+V^(*) + / 2 X M 7^ (7.83) 
+tttiti(x) + ^afb+^x) + a^tfb+^x) + 6+6 + ^V)) |0> , 

= (0|(^(x)aX + ^^^ (7-84) 
+^\ + {x)f 2 h + |V+ (x)K< + ^ + (^)Wi< + ^ 2+ (^)^n)7o , 

IXm)(o,i) = (tf M & + xf(*) + (7.85) 

i)(xj = (0\(x]T + (x)K+xl m+ (xK + X%(xW (7-86) 

IXi2>(2,o) = (hl"4 V xf^) + at"f^xf(x)+b+Xi2(x))\0), (7.87) 

(2,0)(X12| = (0\(lx^ + (x)a^ + xl 2+ (x)lfia^ + xt2(x)bn)^o, (7.88) 

IXm)(i,o) = (a^x™(^) + /i + 7X m (^))|0), m = 2,4, (7.89) 

m (Xm\ = (0|(x™ + (x)< + X +(x)7/i)7o, (7.90) 

|*fc)(o,o) = ^(x)|0),fc = l,...,10, |^) (li0 ) = (al%(x) + f+^l(xj)\0), (7.91) 

o)(* fc | = (0|^ + (x)7o, (i,o) = (0|(^ + (x)< + ^(x)7/i)7o, (7.92) 

= b+ Pi( x )\0), I = 1, -,4, |Xm)(o,o) = Xm(^)|0), m = 5, 11 , (7.93) 
(-i,i)(P/| = (0|Pi + (x)67o, (o,o)(Xm| = (0|x+(x)7o, (7.94) 

IXis>(-i,i) = b + X i 3 (x)\0), (-i,i)(Xi3| = (0|x^)&7o- (7.95) 

Second, let us fix preliminarily a part of the gauge ambiguity starting from the first-stage gauge 
parameters. To this end, we can use the choice of the second-stage independent vectors \^[ ), l^^)) 
entering relations (I7.77I) - (I7.82I) as shift parameters, in order to get rid, for instance, of the vectors 

), k — 1, 3, so that the description of the model is transformed to a first-stage reducible theory 
with independent first-stage gauge parameters, |A| [ ), I = 1,2 |£n ), = 2,4, ...,9, and without 
restrictions fl7777jl - (Q2"| l . 

By the same argument, we can make the zero-stage gauge vectors |£ m ), m = 2,4,5,6, 10, 13, 
\Xi), I = 1,3 to vanish by using a choice for the parameters \£m), m = 7,6,5,3,9,8, |A Z }, 



(0 
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I = 1,2, respectively, in the gauge transformations (I7.55I) - (I7.76I) . As a result, the remaining 
gauge transformations with the independent first-stage gauge parameters |Q ) for the remaining 
zero-stage vectors have the form 

<f|&) = 0, A: = 1,9,11, 6\£ 3 ) = (-L+ + T + L+)\^), (7.96) 

8\Z r ) = -Loltf*), *|&) = -lT \^}, (7.97) 

<% 2 > = -(^) 2 |d 1) ), S\X 4 ) = -7T |d 1} ), (7-98) 

S\X 6 ) = 7T L+|d 1} ), <5|A,) = 0, Z = 2,5,7,8,9. (7.99) 

Finally, in the same manner, we can get rid of the fields \^k), k = 4, 7, 9, 10, \<pi), \pi), 
I = 2,5, 11, with the help of a corresponding choice for the independent (except |£ 7 ), |£ 8 ), |A 4 ), 
| As) which may be used in pairs in order to take account of its reducibility) gauge parameters | A2), 
^9)) l£s), IA4), |£n), ^7), \Xi), I = 6,9,7,5,8 respectively, in the gauge transformations (17.231) - 
(17.541) . The resultant gauge transformations for the remaining fields |\&), |^}, k = 1,2, 3, 8, \<pi), 
I = 2, 3, 4, \p m ), m = 2, 3, 4, \xk), k — 1, 3, 4, 6, 7, 8, 9, 10, 12, 13, with the zero-stage gauge vectors 
k = 1,3, 12, that have not been used previously, are reduced to 

7.100) 
7.101) 

7.102) 

7.103) 

7.104) 

7.105) 
7.106) 

7.107) 



7.108) 
7.109) 
7.110) 

One can easily prove that the gauge transformations (I7.100l) - (l7.110p are invariant with respect to 
their gauge transformations (I7.96I) - (I7.99I) for the gauge parameters |£ m ), m = 1,3, 12. We then 
take into account the internal structure of the above gauge parameters |£ m ) (having the same 
respective form as that for the fields |x m ), m — 1,3, 12 in (17.851) . (17.871) ) in order to gauge away 
the fields \<pi), I = 3,4, and to simplify the structure of the basic field \SSf). As a result, the gauge 



AliTA — 


-^T+l^+Ltl^+T+ltu), 








6\*i) = 


L n \^ 2 ) + imi) + lT T2\Cz), 


6\* 3 ) 


= 0, 




5\V 2 ) = 


2yr 2 \z 1 )-L u \z 12 )-lT 2 T \z 3 ), 




= (L 2 


-T T 2 )|6), 


6\<p 2 ) = 


(L n L+ + T 1 T )|^ 12 ) + iT L+T 2 |e 3 ) , 


KM 


.1^4)) = 


= r(-ie 8 >,iei» 


S\pi) = 


7(T 1 + Vt 2 )|^), 


8\f*) 


= fc- 


-ToTjKi), 


8\ PA ) = 


Ltl^-T+Lul^-jmi), 


5\Xk) 


= 0, k 


= 6,9,13, 


S\xi) = 


-^(To + L+^ + L+^la), 










<% 3 > = -(2 + T+T 1 )\Ct)+j(T + 


-L+T-* 
2 1 


T 3 )6> - 


7T + Ti|ei2), 


8\xa) 


= -T+T 2 iei)-7^ 2 ie3>+7^iiei2>, 








5\X7) 


= 7(L 1 T 1 -T L 11 )\fa)-lL 1 L+T 2 \&), 


S\xio) = 


= -7^1^}, 


8\Xut) 


= 7 (T + L+Ti) |£ 12 ) — ^(L±) 2 T 2 \£ 3 ) . 
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transformations have the form 



<TO = 


-tT+IO + l+iq + t+i^), 






(7.111) 


<W = 


i 

Ln|£i2> +7T a |^> + 2 T oT 2 |S>, 


51*3) = 


0, 


(7.112) 


5|*2> = 


2 T T 2 |£>-L 11 |£ 12 )-iT 2 T |£), 


5|*8> = 


(L 2 -T T 2 )|£>, 


(7.113) 


6\(p 2 ) = 


(L U L+ + 2\T ) |6 2 ) + ^T L+T 2 |e 3 r ) , 


8\ P 2) = 


y(T 1 + ±T+T 3 )\Q)=0, 


(7.114) 


S\p A ) = 


LilQ-T+Lnl^-TTxIQ, 


S\ps) = 


[Lx - T Ti) £[) , 


(7.115) 


8\Xk) = 


0, fc = 6,9,10,13, 


8\Xi) = 


-7 (T + L+T 2 + L+T 1 )|£[>, 


(7.116) 




5| X3 ) = -(2 + T 1 + T 1 )|O+7(T + ^+T + T 2 )|a')-7T + T 1 |ei 2 ), 


(7.117) 


%4> - 


= -T+T 2 |£> - iL+T 2 \Q + TTileu) , 


S\xs) 


= ^L+T&lQ) = , 


(7.118) 


5(1X7), 


IX12)) = ^((^iTi-ToLiO^To + L+Ti))!^) 


-|(L T 2 ,(L+) 2 T 2 )|Q, 


(7.119) 



where the vectors m = 1,3, are solutions of the equations T|£ m ) = 0, 

10(0,1) = (a^6 + -2a^)e; m (x)-7(/i + 6 + -2/ 2 + )d^))|0),m = l,3, (7.120) 
and I £12) (2,0) has the form 

I62>(2 l0) = (l^atXl(x) + aftfttfix) + b&tuizj) |0> . (7.121) 
As a consequence, the action (I7.22p is simplified as follows: 

5 (1 ,i) = [<*|# ( i,i) {|T |*) +T+| Xl ) +7^|xs) +lL+\ X 4) +7T+IX12) +7^1X13)} 

+<*i|#(i,i) {T |* 2 ) - 2 7 |* 8 ) - 7L 2 | X3 ) + 7lXr)} 

+(* 2 |#(i,i) {7^i|X4) - 7|X7>} + (* 8 |^(i,i) {-Ti\Xi) + 7lXs)} 

+(* 3 |^(i,i) {-27l*s) + T 2 \ X i) - 7lX6>} 
+ (^ 2 |K(i,i) {-WlXs) + 7lX4) + T+\xio)} 
+ (p2\K (1A) {-T |p 3 ) +7^i|Xi) ~lT + \x9}} 

+<p 3 |#(i,i) {-27|p 4 ) -Txlxa) -7T + |xs)} 

+ (P4|^(i,i) {-f T olP4> -7T1IX3) -7T+|x 7 ) +7lXis)} 
+ (Xi|^(i,i) {-7lXs)} - I (X3 1-^(1,1)^0 1 Xs> - |(X4|-^(i,i)T |x 4 ) 

+<X6|#(i,i) {-7lXio)} + (Xr|^(i,i) {-7lXio)} + (Xs\K {1>1) T \ X io)] + c.c. (7.122) 

Then, we gauge away the symmetric part Vv^) = |(^W + from the basic spin-tensor 
as well as the fields ip*,k = 2,3,ipf,l = 1,2, from the basic field |*)(i,i) (17. 83ft using all the 
components of the gauge parameters IC12) (2,0) an d |£i)(o,i) m the gauge transformations ( 17.1111) - 
(17.1191) . so that only the following nontrivial relations for the used gauge parameters, 

tZ(x)=2id ilt $(x) + 2vy {M d v) £(x), tf(x) = 2td,e 3 (x), = -id^&x) , (7.123) 
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hold true. The resulting spectrum of the fields, t/vH'^V' i^ji^^k, k = 1,2,3,8, v 9 2)V 9 2, Pi ,1 = 
2,3,4, X ]T, xfT, Xm, Xm, m = 1,3, xj, Xfc, fc = 4, 6, 10, 12, 13, x^,X^ 2 , and their nontrivial 
gauge transformations have the component form, for 7 pcr = |(7p7 CT — 7o7p), 

^ [H (x) =2^f(x)+2^ ] e 3 1 (x), (7.124) 
5Vi (x) = i^ v d v £*{x) + z(d - l)i , d^\{x) , (7.125) 
^ 2 (x) = vf v d u ff(x)+i(d-l)-fd u Zl(x) = 6Mx), (7.126) 

5 X J(x) = z(2Yd [u e^(x) + [l^ + (d-l)d ll }^(x)) 1 (7.127) 
^(s) = ^(2 7 ^4f(x) + [7^ + (rf-l)^]e 3 1 (x)) = -5xJ(x). (7.128) 

whereas the nontrivial gauge transformation for the gauge parameter is written as follows: 

< 3 (x) = -id^\x). (7.129) 

Then let us remove the additional fields from the spectrum of the above fields by means of 
their equations of motion. Thus, for the extremals jw^r = = ^, with the vectors \xk), 

k = 1, 6, 7, 9, 12, 13, 1^3) considered as Lagrangian multipliers, we have the solutions 

MiMl =7 T|vI/> = Vv = V£ = V> = 0, (7.130) 

HXl3\ 
*<X9| 

S(Xe\ 

=7(|*i> -|* 2 )- |Xio» = Xl0 = ^-^ 2 , (7.134) 

^^(1,1) _ hTr\ 1 T+lvr, \ ;r.k, \ _ n , -.*»./. .,2 „,23 

*<Xi| 

5(p 3 | 



7Lu|*)+7|p 4 > = =>► p 4 = 0, (7.131) 

-lT\p 2 ) = p 2 = 0, (7.132) 

-7(1*3) + |Xio» = =S> Xio = -^3, (7.133) 



Til*) + r+|* 3 > - 7lX3> = ==> 7^[H = 7,Xs - X' 3 , V>3 = X3 , (7-135) 
-T x \ X z) - lT + \ X s) = => = -2x^ , xj 3 = X 3 = , (7.136) 



and thus the basic vector contains only the antisymmetric spin-tensor ^[^(x). After a 
substitution of expressions fl7.83l) - (l7.95l) into (17.122p . we find the action for a field of spin (3/2, 3/2) 
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in a manifest form, with the remaining auxiliary fields: 



d d x 



A^{-\l P d P ^ v] ~ id [ » [7^2 - ^i) + 7p^ Mp1 J - ^ X ^ ] 



$2 ~ + Yd, 7m(^2 - Vl) + 7"VW] 



+ -(6 - - Tpi)j p d p (ip 2 - Vi) - ^T^X* 1 

-2(1 - ^V3,x 4 - 2z$ 2 - fa-fdviik - A) + c.c. 



+ipi{-iYd p ip 2 - 2^ 8 - id" ^(V»a - ^i) + 7 P ^[H 
+#20"*; - 2(^ 2 - ^i)V 8 + ^{t m xJ + (2 - rf)X4 - 2(^ 2 - Vi)} 
-^(7p^ M +X 4p )-(2-rf)^V 



(7.137) 



Then, from the extremals for the fields <p , <p , ips, we have their respective solutions 



X4 = 0, X 4m = 7pV> M 

so that the action (17.1371) is transformed as follows: 



^ = 2^2 + gT^VW] , 



(7.138) 



1 T 



-^2 - - ^[p V ]l vp [>7m + ^[H7 P 



rd 



Imf^lpcr] + 7 p ^m 



+ c.c. 



(7.139) 



One can show that the terms in (17.1391) with the auxiliary spinor ip 2 vanish identically, so that we 
have the final form of the action and reducible gauge transformations for the spin-tensor ?/VH' 



_ (+13 tl Mh 



(7.140) 



= 2^ + 2^^, ^ = ^e (1) , (^,^,e (1) ) = (^ 3 ,e 3 1 ,d 1) )- (7.141) 

To obtain a Lagrangian description of the massive rank-2 antisymmetric spin-tensor -i/wi, 
having the Young tableaux (12. ip and subject to conditions (12. 3p . (12.41) and the requirement 
(ry M <9 M — m)$ M ^(x) = 0, instead of (12.21) . we may follow the example of Section 17.11 and ap- 
ply the prescription (I5.34I) - (I5.36I) starting directly from the action (I7.145P written for a (d + 1)- 
dimensional Minkowski space. First, we have the following representation for the fields, ip^ MN } = 
(^M ; ^H) ) with the Stueckelberg field being ijj^ = —ifj^d = ip p , and with the gauge parameters 
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(6v; v) = (£v7 £> v)- Second, the corresponding action can be obtained from (17.1451) by dimensional 
projection IR 1 ' — > IR 1,d_1 and must be invariant with respect to the gauge transformations 

<*V[H = 2 ^6] + ZiJlud^r} , (fy^ = -id^i - + mj^r] + id^ , (7.142) 

which, in turn, are reducible: 

5^{x) = id^(x), 6£{x) = -m^\x). (7.143) 

Third, due to (I5.36p . we use identity: •y RS ip{Rs] = T^VW] , and the identification 

i^du^^ = (i-fdp - m)^ NK \ ij M d M lN?P [NK] = (iVfy + m) lN ^ NK \ (7.144) 

being true, if instead i/j ink] [j N ip {NK] ] we substitute the quantities (j L ) 2k ip [NK] [(j L ) 2k+1 ip lNK] ], 
for k G N . After removing the gauge parameter by the shift transformation, and then in 
the same manner the field <^ M , by means of the now independent gauge transformation with the 
parameter £ p (x), we obtain the Lagrangian for a massive antisymmetric spin-tensor (3/2,3/2) 
field in a <i-dimensional flat space 

££ M = $w{-(i>fd P ~ m)^ [H + id^Y^ipa] + 2zd^ p ^ + 2iYd p ^ p] 

JLf*{yfQ a - m) lpr ^ + z 7 ^a [p 7 T] ^ [H - 2-f(iYd„ + m) 7 ^ M } • (7.145) 

8 Conclusion 

In the present work, we have constructed a gauge-invariant Lagrangian description of free half- 
integer HS fields belonging to an irreducible representation of the Poincare group ISO(l, d — 1) 
with the corresponding Young tableaux having two rows in the "metric-like" formulation. The 
results of this study are the most general ones and apply to both massive and massless fermionic 
HS fields with a mixed symmetry in a Minkowski space of any dimension. 

In the standard manner, starting from an embedding of fermionic HS fields into vectors of 
an auxiliary Fock space, we treat the fields as coordinates of Fock-space vectors and reformulate 
the theory in such terms. We realize the conditions that determine an irreducible Poincare-group 
representation with a given mass and generalized spin in terms of differential operator constraints 
imposed on the Fock space vectors. These constraints generate a closed Lie superalgebra of HS 
symmetry, which contains, with the exception of two basis generators of its Cartan subalgebra, a 
system of first- and second-class constraints. 

We demonstrate that the construction of a correct Lagrangian description requires a defor- 
mation of the initial symmetry superalgebra, in order to obtain from the system of mixed-class 
constraints a converted system with the same number of first-class constraints alone, whose struc- 
ture provides the appearance of the necessary number of auxiliary spin-tensor fields with lower 
generalized spins. We have shown that this purpose can be achieved with the help of an addi- 
tional Fock space, by constructing an additive extension of a symmetry subsuperalgebra which 
consists of the subsystem of second-class constraints alone and of the generators of the Cartan 
subalgebra, which form an invertible even operator supermatrix composed of supercommutators 
of the second-class constraints. 

We have realized the Verma module construction [17] in order to obtain an auxiliary represen- 
tation in Fock space for the above superalgebra with second-class constraints. As a consequence, 
the converted Lie superalgebra of HS symmetry has the same algebraic relations as the initial 
superalgebra; however, these relations are realized in an enlarged Fock space. The generators of 
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the converted Cartan subalgebra contain linearly two auxiliary independent number parameters, 
whose choice provides the vanishing of these generators in the corresponding subspaces of the 
total Hilbert space extended by the ghost operators in accordance with the minimal BFV-BRST 
construction for the converted HS symmetry superalgebra. Therefore, the above generators, en- 
larged by the ghost contributions up to the "particle number" operators in the total Hilbert space, 
covariantly determine Hilbert subspaces in each of which the converted symmetry superalgebra 
consists of the first-class constraints alone, labeled by the values of the above parameters, and 
constructed from the initial irreducible Poincare-group relations. 

It is shown that the Lagrangian description corresponding to the BRST operator, which 
encodes the converted HS symmetry superalgebra, yields a consistent Lagrangian dynamics for 
fermionic fields of any generalized spin. The resulting Lagrangian description, realized concisely 
in terms of the total Fock space, presents a set of generating relations for the action and the 
sequence of gauge transformations for given fermionic HS fields with a sufficient set of auxiliary 
fields, and proves to be a reducible gauge theory with a finite number of reducibility stages, 
increasing with the value of generalized spin. 

We have sketched a proof of the fact that the solutions of the Lagrangian equations of motion 
(15.241) . (15.251) . after a partial gauge- fixing, correspond to the BRST cohomology space with a 
vanishing ghost number, which is determined only by the relations that extract the fields of an 
irreducible Poincare-group representation with a given value of generalized spin. 

As examples demonstrating the applicability of the general scheme, we have derived gauge- 
invariant Lagrangian formulations for the field of spin (3/2, 1/2) and for the rank-2 antisymmetric 
spin-tensor in a manifest form in both massless and massive cases^. In principle, the suggested 
algorithm permits one to derive manifest actions for any other half-integer spin fields characterized 
by two rows of the corresponding Young tableaux. 

The basic results of the present work are given by relations (I5.27p . where the action for a field 
with an arbitrary generalized half- integer spin is constructed, as well as by relations (I5.28p - (l5.3ip . 
where the gauge transformations for the fields are presented, along with the sequence of reducible 
gauge transformations and gauge parameters. 

Concluding, we would like to discuss a number of additional points. First, the gauge- invariant 
description of massless and massive HS field theories with a mixed symmetry is an interesting 
starting point for a systematic construction of a Lagrangian formulation for HS interacting vertices 
with mixed-symmetry fermionic HS fields, including the case of the AdS space, in order to provide 
a description of the high-energy limit for open superstrings; see the arguments in favor of this 
suggestion in [39]. Second, the role of fermionic HS fields in the above limit of superstring 
theory in connection with the AdS/CFT correspondence signals the importance of extending the 
obtained results to the case of fermionic HS fields with a mixed symmetry in the AdS space. 
Thus, the present Lagrangian description takes a first step towards an interacting theory with 
mixed-symmetry fermionic HS fields, including the case of curved backgrounds, and then towards 
a covariant construction (following, e.g., the BV formalism) of the generating functionals of 
Green's functions, including the quantum effective action; examples of such calculations can 
be found, e.g., in [SI]. Third, we estimate an extension of the obtained results to the case of 
arbitrary fermionic HS fields with any number of rows in the corresponding Young tableaux as 
a challenging technical problem. One of the possible approaches to this problem may rely on 
creating a computer algorithm which would permit one to obtain the HS symmetry superalgebra 
and calculate the action with the sequence of gauge transformations in an analytic component 

11 Lagrangian formulations for the case of antisymmetric spin-tensors of arbitrary rank n in R 1 ^ -1 and AdS^- 
spaces, for n < [|] , was considered recently within BRST and algebraic approach respectively, in Refs. [151 149j . 
so that the Lagrangian formulations both for the massive and massless fields of spin (3/2, 3/2) coincide with ones 

in mum]. 
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form for fermionic fields of a given generalized spin. Finally, the example of a field of spin 
(3/2, 3/2) in Section I7T21 has demonstrated a possibility of extracting a large number of auxiliary 
fields until the point when the component form of the action and gauge transformations can be 
derived in a manifest form. In our forthcoming work [52], we plan to realize this possibility, which 
should permit one to significantly reduce the spectrum of fields and gauge parameters in order 
to simplify the component structure of the basic results of the present work, however, with a 
possible appearance of additional off-shell constraints for the fields and gauge parameters. 
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